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Abstract

This paper develops robust inference for conditional quantile regression (QR) under unknown forms
of weak dependence in time series data. We first establish fixed-smoothing asymptotic theory for QR
by showing that the long-run variance (LRV) estimator for the non-smooth QR score process weakly
converges to a random matrix scaled by the true LRV. Additionally, QR-Wald statistics based on the
kernel LRV estimator converge to non-standard limits, while using orthonormal series LRV estimators
yields standard F' and ¢ limits. For the practical implementation of our new asymptotic theory for
Wald and ¢ inference in QR, we extend heteroskedasticity and autocorrelation robust (HAR) inference
for conditional mean regression to QR and apply the optimal smoothing parameter selection rule based
on the Neyman-Pearson principle. Monte Carlo simulation results show that our QR-HAR procedure
reduces size distortions of the HAR inference based on the conditional mean regression and the QR-
HAC inference— particularly in scenarios with moderate sample sizes, strong temporal dependence, and

multiple parameters in the joint null hypothesis.
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1 Introduction

Quantile regression (QR) extends traditional conditional mean regression by estimating relationships be-
tween variables at different quantiles of the dependent variable’s conditional distribution (Koenker, 2005).
By employing the asymmetric loss function proposed by Koenker and Basset (1978), QR offers greater
flexibility than conditional mean regression and is more robust to outliers when modeling varying effects
across the distribution of the dependent variable. Its application has expanded in the analysis of serially
correlated outcome variables in time series economic data, as illustrated by examples in Xiao (2012) and
Galvao and Yoon (2024). The goal of this paper is to provide robust inference for the conditional QR,

addressing unknown forms of weak dependence in time series data.

When regression errors are serially correlated and heteroskedastic in time series data, the conventional
robust standard error formulas for independent data become invalid. This issue is well recognized in the
conditional mean regression models and was addressed by the pioneering work of White and Domowitz
(1984), followed by Newey and West (1987) and Andrews (1991). Key innovations of these initial work
include positive-definite, non-parametric estimation of the long-run variance (LRV) matrix of the regres-
sion score vector and the establishment of its heteroskedasticity and autocorrelation consistency (HAC)
property. Technically, the HAC property relies on the assumption that the amount of smoothing in the
nonparametric LRV estimate increases in the limiting experiment of the asymptotic approximation. The
literature also offers guidance on selecting the optimal smoothing parameter for computing robust standard

errors, as discussed in Andrews (1991) and Newey and West (1994).

More recently, there has been a breakthrough in the time series literature, which introduced an alterna-
tive asymptotic approximation for time series robust standard errors (Lazarus et al, 2018). This new type
of asymptotic theory and the corresponding inferential methods, known as HAR inference, are based on
fixed-smoothing asymptotics, which were initially developed by Kiefer and Vogelsang (2002, 2005), Miiller
(2007), and Sun et al. (2008) in time series econometrics. In contrast to the conventional increasing-
smoothing asymptotics in the HAC approach, the alternative asymptotic theory assumes that the amount
of smoothing in the non-parametric LRV estimator is fixed as the sample size grows. As a result, the LRV
estimate weakly converges to a random matrix scaled by the true LRV, which contrasts with the HAC
approach. The corresponding HAR-based inference show numerical improvements over HAC-type infer-
ence methods because the fixed-smoothing asymptotics can automatically provide second-order corrected
inference under conventional increasing-smoothing asymptotics, see Sun et al. (2008), Sun (2014a), and
Lazarus et al. (2021), for more details. The HAR approach is also directly connected to the low-frequency
econometrics proposed by Miiller and Watson (2020), which captures the long-run variability of economic

data by utilizing low-frequency trigonometric weighted averages with frequency cutoffs corresponding to



business cycles.

In this paper, we develop QR-HAR inference using more accurate fixed-smoothing asymptotics. Our
alternative asymptotic theory applies to a broad class of HAR-LRV estimators, including existing kernel
LRV estimators (Galvao and Yoon, 2023), exponentiated kernel estimators (Phillips et al., 2006), and
orthonormal series (OS) LRV estimators (Phillips, 2005; Sun, 2013). The main theoretical challenge lies
in establishing fixed-smoothing asymptotic theory for the LRV estimator of the non-differentiable and
dependent QR score process, assuming that the amount of smoothing is fixed as the sample size grows to
infinity. Andrews (1991) and Galvao and Yoon (2024) find that estimation errors in kernel LRV estimates
for non-differentiable processes can be ignored in the contexts of the conditional mean regression and QR,
respectively. However, their results crucially depend on increasing the amount of smoothing as the number
of time periods grows, at a slower rate than the sample size. This assumption does not apply under the

fixed-smoothing asymptotic framework considered in this paper.

To address these technical challenges arising from the non-smooth QR model, we formulate the HAR
LRV estimator using the demeaned QR process, which effectively recenters the weight function in the LRV
estimation. The recentering scheme allows for a spectral representation of the LRV estimator, enabling
us to transform the sum of autocovariances in the LRV estimator into a scaled sum of weighted empirical
processes, with weights determined by the zero-mean eigenfunctions. Additionally, we extend the standard
empirical process theory for i.i.d. data, e.g., Van der Vaart and Wellner (1996), to the time series case
involving non-i.i.d. data with unknown forms of dependence. With these results, our fixed-smoothing
asymptotic theory accounts for the estimation uncertainty inherent in the non-differentiable QR score
process. We also prove that the LRV estimate in QR weakly converges to a random matrix scaled by the
true LRV, which aligns with existing results in the HAR literature for the conditional mean regression

setting.

Building on the alternative asymptotic results for the HAR LRV estimator in QR, we show that the
corresponding QR-Wald statistics weakly converge to non-standard limits. These non-standard limits
are free of nuisance parameters, and their asymptotic critical values can be conveniently simulated by
generating functions of standard Gaussian random vectors that depend on the level of smoothing. We
further show that with the orthonormal series LRV (OS-LRV), the Wald and t-statistics admit standard F'
and ¢ critical values, eliminating the need to simulate non-standard critical values in practice. Thus, our
fixed-smoothing asymptotic results are comparable to the HAR inference framework used in conditional
mean regression models, such as Sun (2014a, 2014b) and Lazarus et al. (2021). Given its convenience and
improved finite-sample performance, we recommend using OS-LRV in HAR inference for the QR setting.

We also show that our HAR QR inference can be extended to the non-smooth generalized method of



moments (GMM) framework.

For the practical implementation of QR-HAR inference, selecting the smoothing parameter is required.
In the case of the OS-LRV estimator, the smoothing parameter corresponds to the number of basis func-
tions. Existing approach, such as Phillips (2005), recommends selecting the smoothing parameter to
minimize the estimator’s asymptotic mean squared error (AMSE). While this method is optimal for the
point estimation of the LRV, it is not directly suited for hypothesis testing, which are the primary goals
in time series robust QR inference. Our QR-HAR approach addresses this issue by developing an optimal
smoothing selection rule that prioritizes hypothesis testing based on the classical Neyman-Pearson prin-
ciple. Using second order approximations of Type I and Type II errors, we derive a closed-form formula
for the testing-optimal smoothing parameter. This notion of the testing-optimal smoothing parameter in
HAR inference was first introduced by Sun et al. (2008) and Sun (2011, 2013) in the conditional mean
regression. See also Lazarus et al. (2018) and Lazarus et al. (2021) for other versions of the testing-optimal

criterion within a non-NP framework.

Our Monte Carlo simulation results indicate that the QR-Wald inference approach in the median
regression significantly reduces the empirical size distortions found in HAR inference based on the con-
ditional mean regression. Its finite-sample performance remains robust to the time series persistence of
the regression error, even when the error distribution is asymmetric or exhibits heavier tails than the
Gaussian distribution. This finding confirms the advantage of time series robust QR inference, as pointed
out in Xu (2021), which addresses both serial correlation and the effects of heavy-tailed errors with un-
bounded second moment that negatively impact the performance of the HAR conditional mean regression.
Furthermore, our numerical results indicate that the QR-HAR approach reduces the size distortions of
existing QR-HAC approach across various data-generating processes. The finite-sample improvements of
our QR-HAR approach arise from the use of more accurate asymptotic F' and ¢ critical values, driven by
alternative fixed-smoothing asymptotics and a testing-oriented smoothing parameter. We also find that
the advantages of the QR-HAR approach over QR-HAC are particularly pronounced when the sample size

is moderate, temporal dependence increases, and multiple parameters are included in the null hypothesis.

This paper contributes to the literature on robust inference in time series by addressing the challenges
posed by serially correlated and heteroskedastic regression errors. Earlier works include Newey-West (1987),
Andrews (1991), Kiefer and Vogelsang (2005), Sun et al. (2008), Sun (2014 a&Db), and Lazarus et al. (2021).
These studies predominantly focus on the conditional mean regressions or differentiable time series processes
involving unknown parameters, with relatively little attention given to addressing serial correlation and
heteroskedasticity in the non-smooth QR model. Chen et al. (2014) develop a time series robust sieve

inference method for semi-nonparametric time series models. A recent work by Galvao and Yoon (2024)



extends Andrews’ (1991) HAC-approach to QR models in time series data. The key contribution of
their theory is the formal development of increasing-smoothing asymptotic theory for long-run variance
estimates of the QR score function. Specifically, they prove the consistency of their HAC estimator in QR
and provide a rule for optimal smoothing parameter (bandwidth) selection, extending Andrews (1991)’s
conditional mean regression framework. While their HAC standard errors can significantly reduce the size
distortion problem associated with heteroskedasticity-consistent (HC) procedures in QR, the QR-HAC
approach fails to deliver accurate empirical sizes, particularly when the degree of temporal dependence

increases.

Our work fills a gap in the QR time series literature by developing a more accurate alternative asymp-
totic theory that fully integrates testing-oriented HAR inference in a non-differentiable QR setting. The
HAR inference using the fixed-smoothing asymptotics is closely related to the self-normalized (SN) ap-
proach for weakly dependent data, as studied in Shao (2010). Zhou and Shao (2013) and Hoga and Schultz
(2025) establish asymptotic theory for the SN inference for QR. The SN approach also leverages the random
asymptotic limit of the denominators in self-normalized statistics. However, its practical implementation
involves recursive estimations of QR coefficients using only subsamples, which can be computationally
demanding and requires selecting a tuning parameter that determines the range of the initial subsample
periods. In contrast, our HAR inference in QR requires only the computation of the time series robust
Wald and ¢ statistics and can utilize standard F' and ¢ critical values with a testing-oriented smoothing
parameter selection. The literature also provides time series robust bootstrapping approaches to enhance
the performance of QR, including the moving block bootstrap (MBB) method by Fitzenberger (1998) and
the smoothed and tapered MBB method by Gregory et al. (2018). These methods commonly require addi-
tional tuning parameters and the simulation of bootstrap critical values, which can be also computationally
costly. Our Monte Carlo experiments show that the finite-sample performance of our QR-HAR inference
is comparable to the bootstrap approach in Gregory et al. (2018) when serial correlation is moderate and

can outperform the bootstrap approach when serial correlation is strong.

The remainder of the paper is organized as follows: Section [2| introduces the issue of time series
dependence in QR and proposes the HAR LRV matrix estimator for the QR model. Section [3] establishes
the fixed-smoothing asymptotic theory for the QR-HAR LRV estimator. Building on this result, Section
develops nuisance-parameter-free asymptotic inferences for QR. This section also discusses a possible
extension of our HAR QR inference to non-smooth GMM for quantile IV regression models and establishes
a connection between our fixed-smoothing asymptotic inference and the self-normalization approach for
QR. Section [5| provides practical recommendations for QR-HAR inferences, focusing on the optimal choice

of the smoothing parameter. Section [0] presents the results of Monte Carlo simulations, and Section



concludes the paper. Tables and proofs are included in the Appendix of Section

2 Quantile Regression for Weakly Dependent Data

2.1 The issue of time series dependence in QR

We consider the linear 7-th conditional QR equation:
yr = X{Bo(T) +ei(r) fort e {1,...,T},

and 7 € (0,1), where the population QR coefficient 3y(7) € R? is the unique minimizer of E[p, (y; — X}b)]
with py(u) = u- (7 — 1(u < 0). The QR estimator 3(7) solves the following convex objective function
(Koenker, 2005):

T
3(r) = i — X/b
p(7) argmbm;pf(yt b);

and f3 (1) satisfies the following approximate first-order condition:

LSS Z50) = £ 3" Xl - 1 < XIB() — o (1> 1)
Tt:l t _Tt:I t Yt S Ay = 0p \/T .

We assume that the QR score function Z;(b) := X¢(7 — 1(y < X/b)) identifies the population parameter

Bo(7) by having zero unconditional expected value, i.e.,

E[Z;(Bo(7))] = B[X:(1 — L(y: < X{Bo(7))] = 0.

Let q,(7|X;) represent the T-quantile of the outcome variable y; conditional on the regressor X; € RY,
which satisfies

Py, < q,(r1X0)1X0) = 7 = B{L (i < g,(71X0) =7} X, = 0 as. (2)

When the 7-conditional quantile function is correctly specified in the QR equation, the conditional moment
restriction above holds by construction, with g,(7|X;) = X/Bo(7) almost surely. In this case, the QR
coefficient B (1) estimates the effect or prediction of X; on the true 7-conditional quantile of the outcome
variable ;. When g, (7|X};) is misspecified, however, the above conditional moment restriction does not
hold. Nevertheless, X;B(T) can still be interpreted as estimation of the best approximation of the true

T-conditional quantile of y;, minimizing a weighted mean-squared error loss function for misspecification

error (Angrist et al., 2006).

The goal of this paper is to provide robust inference for QR coefficient Sy(7), addressing unknown forms

of dependence in time series data {(Y;, X})}Z_,. Throughout the paper, we assumey/T-consistency of 3(t)



and that the following Bahadur representation holds:

T
¢T@@?—ﬁdﬂ%=D@T*;TZ;XAT—1@ﬁ£deﬂ%+%ﬂ> (3)
4 N(0,%(r)) with S(r) = D(r)"*Q(r)D(r) "}, (4)

where D(7) = E[f(0]X;)X:X]] and f(0|X;) is the conditional density of e;(7) evaluated at 0. Our asymp-
totic theory in this paper assumes a fixed value of 7 € (0,1), but it can be generalized to hold uniformly
over T € [¢,1 — €] by imposing certain regularity conditions on g, (7|X;), such as Lipschitz continuity. For
example, Galvao and Yoon (2024) extend the pointwise asymptotic theory for time series QR under the

increasing smoothing asymptotics.

In the presence of an unknown form of weak dependency in the time series data {(Y;, X;)}1_,, the d x d
matrix (7) is a long-run variance (LRV) matrix of the quantile score process

A7) = > Ty(r) with Ty(7) = Cov(Zy, Zy—;),

j=—o0

where Z; := Zy(Bo(7)) = Xe(T — 1(ye < X, B0(T)).

Let (1) := D(7)"'Q(7)D(r)~" denote an estimate for X(7):= D(7)~1Q(7)D(r)~!, which is a crucial
component for robust Wald and ¢ statistics in QR. When formulating i(T), non-parametric estimations
for D(7) and Q(7) are required. The term D(7) captures the impact of heteroskedasticity and has been
extensively studied in the QR literature. Specifically, Kato (2012) proves that Powell’s sandwich estima-
tor, D(1) = (Tlp) "2, K((y: — X13(7))/lr) (X X}), where K (u) := 27'1(Ju| < 1) denotes the uniform
kernel function, is consistent and asymptotically normal under a broad range of data-generating processes,
including both i.i.d. and time series settings. It is noteworthy that the formulation of 15(7') remains un-
changed for dependent time series data. A more detailed implementation of 15(7), including the bandwidth

parameter, [ is provided in subsection [8.1] of Appendix.

In contrast to D(7), the formulation of Q(7) involves a non-trivial difference from the i.i.d. case. This
is because the presence of an unknown form of time series dependence introduces infinite summations of
autocovariance for the non-differentiable QR score process {Z;} = {m(7)X;}, where m;(7) := 7—1(es(7) <
0), in Q(7). This dependence not only arises from the time series regressor X; but can also be induced by
the autocorrelation in the QR error e;(7) via its quantile score function my (7). The serial correlation in
my(T) captures the temporal dependence of tail events at the 7-quantile. It can arise even if the true QR
is correctly specified, as in . For example, suppose the true data-generating process (DGP) of y; follows
a simple AR(1) process:

Yt = My + pYt—1 + €, (5)



where |p| < 1, ¢ is independent of y;_;. In this case, the true conditional quantile function is correctly
specified with g, (7|X;) = X;B0(7), where X; = (1,y1-1), Bo() = (F71(7) + py, p)’, and F.1(-) denotes
the inverse of the cumulative distribution function (CDF) of €. Also, it is not difficult to check that the

T-quantile error e;(7) = ¢ — F.1(7) satisfies
E[m(7)|X] = B[t — 1(es(1) < 0)|X¢] = 0 aus. (6)

The process my(7) can exhibit serial correlation if the error process ¢; is serially correlated. For instance,
Galvao and Yoon (2024) numerically illustrate that the quantile autocorrelation of my(7) strictly increases
with respect to p in the Gaussian process case of {e;} (or {e;(7)}). The serial correlations embodied in

my(7) and Xy imply that
(1) = Cov(Zy, Zy—j) = B[ X Xy j|Blmy (7)me—;(7)] # 0 for j # 0.

Consequently, conventional heteroskedasticity-robust standard error estimators in QR, which assume in-
dependent error terms—such as those proposed by Angrist et al. (2006, p. 551)—do not apply to time
series data, as they rely on the assumption (1) = Ig(7), which does not hold in the presence of serial
correlation. Beyond the simple AR(1) example, the issues of the serial correlation in my(7) can be arisen
in many other empirical settings, including h-period-ahead quantile prediction, as in Adrian et al. (2019).

In this case, y; = Yiqp for h > 0, which naturally induces serial correlation in the QR regression error
et+h(T)-

We also point out that even if the error process in the conditional mean regression is serially uncorre-
lated, it does not necessarily follow that I';(7) = 0 for j # 0. For example, consider the following non-AR(1)
DGP for y; :

Yt = Po,o + Bo1zt + €,
where {x;} is a strictly stationary and serially correlated time series that is independent of {e;}. Let F;_1
denote the o-algebra generated by the process {x;_1,€—1,%1—2,€—2,...}, and suppose ¢ = ou;, where
{u;} is an i.i.d innovation series and o; is F;_1-measurable positive random variable following an ARCH
or GARCH-type process. In this case, ¢ satisfies the martingale difference sequence (m.d.s.) condition,
i.e., E[e|Fi—1] = 0 a.s., and thus Elee—j] = 0. Moreover, the true conditional quantile function can be
correctly specified as q,(7|X;) = X;Bo(7), where X; = (1,2:), Bo(1) = (FE-X(7) + Boo,Bo.1)"- However,
my(t) = 7 — 1(oyuy — F-Y(r) < 0), which is the nonlinear transformation of ¢ = ou, can exhibit
serial correlation for 7 € (0,1) such that F1(7) # 0, due to the serial dependence in the conditional
heteroskedasticity process o;. To ensure that I'j(7) = 0 for all j # 0, we shall impose the m.d.s. assumption
of E[m(7)|Fi—1] = 0 a.s. This condition, however, is more restrictive than assuming a correctly specified
conditional quantile function as in @ and essentially rules out the presence of serially correlated conditional

heteroskedasticity in €.



2.2 HAR LRV estimation in QR

For simplicity of the notation, we drop the dependence on the given quantile level 7 in e;(7) and use e;
hereafter and denote e;(b) := 3 — X/b and Z; = X;(7 — 1(&; < 0)) with & := e,(3(7)). The time series
corrected standard errors and robust inference begin by formulating heteroskedasticity and autocorrelation
robust (HAR) LRV matrix estimator Q(T) In this paper, we study the following general class of the

quadratic HAR variance estimators. The LRV estimator takes the form:
A 1 t s S iycl
Qh(T) = TZZQh faf ZtZS’ (7)

where Z& = Z; — T7! Estl Zs, and Qp(-,-) is a symmetric weighting function which uses a smoothing
parameter h. By construction, our formulation of Qh(T) depends on h which is the level of smoothing
for various types of LRV estimators. Examples of Qh(r) include a popular class of conventional kernel
LRV estimators with Qp (r,s) = k((r — s) /b) and h = 1/b, as studied in Galvao and Yoon (2024). The
kernel LRV estimators include the popular Newey-West (1987) HAC estimator with the Bartlett kernel
kE(x) = 1(Jz| < 1) (1 —|z|), as well as those utilize second-order kernels such as Parzen and Quadratic
Spectral functions, e.g., Andrews (1991). When Qy(r, s) = k”(r —s) with h = | /p, Oy (7) belongs to a class
of exponentiated kernel LRV estimators in Phillips et al. (2006).

Another important class is a class of orthonormal series LRV (OS-LRV) estimators, which is proposed
by Phillips (2005), Sun (2013), and Miiller and Watson (2014). The OS-LRV estimator takes h = K and

sets the weight function equal to

1 K

Qn(r,s) = 5 ; i (r) @k (s), (8)
where {®), (r)}i_| is a set of orthonormal basis functions on L2[0,1] satisfying fol @y (r)dr = 0. In this

paper, we employ the following set of finite basis functions:
(@4 (1) ey = {@ap_1 (r) = V2sin (2mkr) , Doy, (1) = V2cos (2mkr)  k € {1,2,..., K/2}}, (9)

where K is an even number. From this construction, the OS-LRV is an equal-weighted periodogram
(EWP) estimator that utilizes the first K/2 periodograms, e.g., Sun (2013) and Lazarus et al. (2019),

which corresponds to an estimator of the scaled spectral density at zero.

Let QZ(T) be an uncentered version of that replaces Ztc with Z;. Considering the kernel weighting
function Qp, (r,s) = k((r —s) /b), with S7 = Tb and h = 1/b, Galvao and Yoon (2023, Theorem 4.2-(a))

show that
Op(r) = D7) + 0, (ST) (10)



holds, as S7, T — oo, where Q}L‘(T) denotes the infeasible version of QZ(T) that replaces Z; with Z;. Based on
this result, Galvao and Yoon (2024) further establish the consistency of Q}; (1), extending Andrews (1991)
in the conditional mean regression setting, i.e., Q}ZL(T) 2 Q(7). Their key rate condition is S7/vT = o(1),
which can be equivalently expressed as b = o(T~/ 2) and thus falls within the conventional increasing-
smoothing (or small-b) asymptotics. The conventional asymptotics, elegant and convenient though it may
be, it completely ignore the estimation uncertainty in Q%(T) which is the key component of the time
series robust inference for QR. This issue has been well-recognized in the literature on HAR, inference for
conditional mean regression, e.g., Kiefer and Vogelsang (2002, 2005), Miiller (2007), and Sun et al. (2008,
2014a), and Hwang an Sun (2018), which naturally motivates a more accurate fixed-smoothing asymptotic

theory in QR, developed in this paper.

In , the term O, (S7/v/T) captures the estimation uncertainty of Z;(3(r)) in QU (7), with a stochastic
order of O, (St/VT) = O,(v/Tb). This term converges to zero in probability under the increasing-smoothing
(or small-b) asymptotics with rate b = o(T~/2). However, under our fixed-smoothing (fixed-b) asymptotic
framework, the Op(\/T b) term does not degenerate to zero in probability since b = O(1), rendering the
result in inapplicable to our setting.

To address this challenge, our asymptotic analysis focuses on the demeaned €, (7) instead of Q%(T)
In the mean linear regression model, the estimated score process is Z, = X:é;, whose sample mean
71 Zle Zs is always equal to zero. Thus, the use of the original Z in does not change Qh(r)
from Q%(T) In contrast, the non-linear and non-smooth QR score process in our setting yields a non-zero
small-order term 71 Zstl ZS, whose stochastic order of magnitude is op(T_l/Q). As a result, the use of
demeaned Z¢ in (1) can create a difference from QZ(T) in finite samples. We note that the issue of a
nonzero term 7! Ezzl Z, becomes more important if the non-smooth moment condition is over-identified.
See, for example, Hong and Li (2023), in the context of misspecified non-smooth moment conditions. In
our exactly identified QR setting, we employ the demeaned term Zf in LRV estimates to prove that the
estimation uncertainty inherent in Z; (via B (7)) is properly controlled under the fixed-smoothing asymp-
totic framework. This process is discussed in more detail in the next section, which presents the main

theoretical contribution of this paper.

3 Fixed-smoothing Asymptotic Theory for Quantile Regression

To develop fixed-smoothing asymptotic theory for Qh(T), we start by reexpressing Qh(T) as

T T
A 1 N t s\ » »
Qp(1) = T ZZQT,h (T’ T> ZiZy, (11)

t=1 s=1

10



where Q;h(rﬁ 5) = Qn(r,s)=T"" 21?:1 Qn (7/T,s)=T~" Zgzl Qn(r,3/T)+T Z;{:l Z§=1 Qn(F/T,5/T).
Let (1) be an infeasible version of €,(7), which replaces the plugged-in estimate for Z; in Q(7) with Z;,

ie.,

~ 1 r L t s
Qp(1) = T ZZQ?JI <T’ T) Zi Z, (12)

(1) = Qn(7) + 0p(1) (13)

holds, as T" — oo such that the smoothing parameter h is fixed. To achieve this goal, we introduce an

asymptotically equivalent version of :

where Q5 (r,s) := lim7_.o Q% (7, s) is the limit of the centered weight function, given by:

1 1 1,1
Qj, (T,S):Qh(T,S)—/O Qh(F,s)df—/O Qn(r, §)d§+/0 /0 Qn(7,5)drds. (14)

In the proof of Theorem (1| below, we show that QZ(T) — Qu(7) = 0p(1) holds for any fixed h. This allows

us to focus on Q;‘Z (1) with the following representation of the centered weighting function Q7 (r,s) :

Qp, (1,) ZAk‘I)k (s), (15)

where {®4(-)}72, is a sequence of continuously differentiable orthonormal basis functions over [0,1]. For
notational simplicity, we suppress the dependencies of h on {A;}7°; and {® (-)}72,;. The boundedness of
Q5 (r,s) implies that ®(-) are uniformly bounded over [0, 1] for all k¥ € N. Additionally, the orthonormal

property, ®(-) ensures that

/Cbk( T—Oand// (r)dsdr =1(j = k)

for all j,k € N. As aresult, > ;o4 A\ = fol Q5 (r,7) dr is finite and is uniformly bounded over h. Also, the
series on the right-hand side of converges to Q7 (r, s) absolutely and uniformly over (r, s) € [0,1] %[0, 1],

which allows us to re-express QZ(T) in the following form:

O (1) Z)\k< Z@k<> )( Z‘I’k<> )I. (16)

Since {A}72; and {®y, (-)}32, are the eigenvalues and eigenfunctions of the bivariate positive definite func-
tion Qj (r, s), this representation constitutes a spectral decomposition of the compact Fredholm operator

with kernel @} (r,s), see Knessl and Keller (1991) and Sun (2014b) for more details. We note that the

11



eigen decomposition in is used solely for theoretical proof to establish the fixed-smoothing limit of
Qh(T) in . As shown in the next section, computing Q’;L(T) with is not necessary in practice to

apply our fixed-smoothing asymptotic theory to HAR, inference.

Taking advantage of the expression in , we can address the estimation uncertainties embodied in

Q’,;(T) Consider the following component using the k-th order basis function @y (-) :
! i@ <t)z ! i@ <t)X( 1(¢; < 0)) (17)
— = = — = T—1(e
which is the weighted average of the estimated QR score process Z;. Due to the non-differentiability of
Z1(b) = Xi(7—1(ys < X{b)) with respect to b, the standard Taylor expansion for the right-hand side of

is not possible. To deal with this challenge under fixed-smoothing asymptotics, we impose the following

assumptions.

Assumption 1. (i) For kernel LRV estimators, the positive definite kernel function k () € [—1, 1] satisfies
the following conditions: For any b € (0,1] and p € [1,00), ky(x) = k(x/b) and kP(x) = kP(x) are
symmetric, continuous, piecewise monotonic, and piecewise continuously differentiable functions on [—1,1]
such that [ k?*(z) < co. (i) For the OS-LRV variance estimator, the basis functions ®, (z) are piecewise

monotonic, continuously differentiable, and orthonormal in L?[0,1], and fol Oy, (z) dx = 0.

Assumption 2. The vector process {(Yy, X])'}L_, is strictly stationary and a-mizing, where the mizing

coefficient alk] satisfies afk] < exp(—agpk) for some ag > 0.

Assumption 3. Let f(e|z) be the conditional density of e; given Xy = x. i) For each x, f(elx) is
twice continuously differentiable with respect to e and satisfies the following conditions: f(0|x) > 0 and
|f(elz)], |f'(e|z)], |f" (e|z)| < C for some positive constant C which does not depend on x and e. i) The first

order condition in and the Bahadur representation in (@ hold. iii) The matriz Q(7) is non-singular.

Assumption 4. i) The zero mean process {Z;}1_, with Z, = Xy(1—1(e; < 0)) satisfies that > o2 ||E[Z1Z—]|| <

j=—00
oo and Y 22 |7|P||B[Z:Zi—]|| < oo for some qo > 1. ii) There evists a constant A > 0 such that
[| X |00 := maxj<i<r || X¢|| < AT/, iii) E[HXM“"] < oo for some v > 1, and, with Xy = (X14,...,Xaz),
max,, w,eq1,..43 B[ Xg 3 Xy 7, ]l < oo foralla,b e {1,...,d} and s € {0,+1,£2,...}.

Assumption 5. As T — oo, T—1/2 ZtT:1 O (t/T)Z; converges weakly to a continuous distribution, jointly

over k € {0,1,..., J} such that

T
1 t
Pl— S| = )2 <z fork=0,1,....J
COXACERE )

T
=P (Ql/Z(T)l Z(I)k (;) u <z fork=0,1, ...,J) +o(1),
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for every fized J € N, 2 € R? where & (-) = 1, uy N N(0,1;), and QY2(1) is a matriz square root of

Q(7) such that QY2 (T)QV2(r) = Q(r).

Assumption (1] is on the kernel function and basis functions that construct Qp(r, s) in (7). It consists
of the same conditions as the smooth moment condition outlined in Sun (2014b), implying that all afore-
mentioned HAR variance estimator can be applied to the QR setting. Additionally, Assumption [1| ensures

the unified representation in ((16)) for all types of HAR variance estimators we consider.

The a-mixing and decaying rate conditions in Assumption implies that a[k] < Ba* for some a € (0,1)
and B > 0. As a result, we have that 33 (a[k])'/? < oo, which is used to bound the variance of the
empirical process Gy, 7(b) defined below. Examples for Assumption [2| include a linear time series process
for e; = Z?io ajvi—;, where the coefficient a; shrink to zero exponentially fast, and {v;} are independent
with a finite second moment. A sufficient condition for a-mixing requires v; to be a continuous random
variable with a smooth density, which excludes the case where v; is a Bernoulli-type random variable. For

more detailed discussions on mixing processes, see Andrews (1984) and Tuan and Lanh (1985).

Assumptionconsists of mild conditions similar to Assumption 2 in Galvao and Yoon (2024). It includes
the standard Bahadur representation for time series QR and the positive definite LRV matrix. Assumption
i) imposes on bounds on the infinite summations of the autocovaraince matrices, which is comparable to
the smoothness of spectral density for the QR score process Z;. The second part of Assumption [4]is similar
to Assumption 3 in Galvao and Yoon (2024), and imposes standard boundedness conditions on the norm

and maximum of the regressors.

We note that, in comparison to the increasing-smoothing asymptotic framework utilized by HAC ap-
proach, our fixed-smoothing asymptotics approach demands fewer technical conditions in Assumptions
and [4 Specifically, we do not impose the strict requirements on the joint conditional density of the QR
error, the higher-order cumulants of the quantile scores process, or summability conditions for the deriv-
atives of the covariance matrices, as outlined by Assumptions 3 and 5 in Galvao and Yoon (2024). This
indicates the advantage of our fixed-smoothing asymptotic approach, which can be applied to a broader

range of data generation processes in time series QR.

Our last condition in Assumption |5|is to impose a joint Central Limit Theorem (CLT) condition on
the weighted score process T—V/2 3| & (t/T) Z; for k € {1,...,J} and for every fixed J € N. It implies
that 7—1/2 Zthl O (t/T)Zy = Op(1) holds uniformly over k € {1,...,J}. The assumption also guarantees
the Gaussian approximation of the HAR variance estimator, which is the key result of our fixed-smoothing
asymptotic theory for Q, (7). For completeness, we provide some primitive sufficient conditions for the CLT

condition in subsection [8.3] of Appendix.
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Let N, (Bo(7)) = {b: ||b — Bo(7)|| < er} be a shrinking neighborhood of the true parameter Sy(7) for
a positive sequence e that converges to zero at /T-rate. We define an empirical process for Z;(b) over

b € N, (Bo(7)) which is weighted by the orthonormal basis function ®(-):

T
Gur(®) = = Y- (1) (20) - BlZO)

for £ € {0} UN. When k = 0, we let ®;(-) = 1 so that corresponding Gy 7(b) becomes the standard
empirical process. Under Assumptions Lemma [4 in subsection [8.4] of Appendix proves that
be/\/iu(gom) Gk, (b) = Giyr (Bo(7))I| = 0p(1) (18)
holds uniformly over k£ € {0} UN. This result extends the standard empirical process theory for i.i.d. data,
e.g., Van Der Varrt and Wellner (1996), to a sequence of time series empirical processes with weights given
by ®1(-). The result provides the essential technical step to formally prove the result in . Specifically,

we control the uncertainty of B (1) by considering the following relation:

1 & ¢ )
=30 (1) @i - th(r)))H (19
t=1

T
< sup(T))HGk,T(b)—Gk,Two(T))rH(;;@k@)).< sup )ﬁnE[zt(b)m). (20)

beN., (Bo bEN; (Bo(T)
By virtue of , the first term on the right-hand side of shrinks to zeros in probability uniformly over
k. Additionally, the standard QR assumptions imposed in Assumption [3] including the absolute continuity
of e; = (1), bounded moments of X; guarantee the smoothness of the expected value in the second term
of (20). Taking advantage of these results, we can apply the standard Taylor expansion to E[Z;(b)] and
obtain the stochastic boundedness, i.e., supyep,  (5o(r), VT - |E[Z(b)]]] = Op(1).

It is important to point out that the zero mean and uniform boundedness properties of basis functions
{®x(-)}72, guarantee that the second term in shrinks to zero, i.e., T=* 3.1 ®.(t/T) = o(1), uniformly
over k € N. The (asymptotic) zero mean property of {®(-)}?°, stems from the demeaned score process
Ztc in our LRV estimator formula . This property is then carried over to the recentering of the original
weight function Qp(-,-) to QJ(-,-) presented in and . As a result, as T — oo, we have that

T T
1 t - 1 t
_ [0} — |\ Z T = — )] — | Z + o 1 5
v oA CY AT S CHERTAD
=7
where the 0,(1) term does not depend on k € N. Together with Y 7> ; Ay = O(1) and the uniform bound-
edness of ®x(-) over k € N, this result allows us to control all estimation errors captured in , i.e., as
T — oo such that A is fixed,

(1) = (1) + 0p(1),
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where QF () is the infeasible version of (1), given by
1 t s
)% _ * !
%)= 7 Y0 (5.7) 22 (21)

Building on these findings, Theorem [1| below formally proves the asymptotic equivalence in (13). We
also show that the LRV estimate weakly converges to a random limit, which extends the fixed-smoothing
asymptotic theory in the conditional mean regression, such as Kiefer and Vogelsang (2005), Sun (2014

a&b), for the QR setting.

Theorem 1. Suppose Assumptions [IH5 hold. Then, as T — oo such that h is fized, the asymptotic
equivalence result in holds. Also, we have that

(1) 5 Qoo (7) 1= QV2(7)S,00 2 (7), (22)
where
Shoo = 3 NZ;Z with Z; 55 N(0, 1) (23)
j=1

The proof of Theorem [I| in subsection of Appendix. It shows that the recentered QR score process
Zf in Qh(r) effectively removes the estimation uncertainty of (1) embodied in Qh(r). Consequently, the
fixed-smoothing limit of {2, (7) can be obtained by investigating its infeasible counterparts () and Qx (1),
which are defined in and , respectively. Specifically, the weak convergence result in Lemma 1-(d)
of Sun (2014b) can be applied to Q7 (7), yielding

1,1
&:(r) % Q12(r) < / / Qi (r.5) de(r)dWé(s)> Q2 (7. (24)
o Jo
The series representation in then leads us to an equivalent representation of the weak convergence
limit in ([24):
oo 1 1 !
02 3o ([ mawan ) ([ o @ awis) e, (25)
= 0 0

where Wy(+) is d-dimensional standard Brownian motion. Utilizing the zero mean and orthonormal prop-

erties of {® (-)}72,, we have then fol Oy, (r) dWy(r) L 7, with 7, " N(0, 1) and obtain the weak

convergence limit in (23)).

4 HAR Inference for Quantile Regression

4.1 Fixed-smoothing asymptotic inference for QR

Building upon the fixed-smoothing asymptotic theory developed in the previous section, our next goal

is to provide more accurate HAR-based asymptotic inferences for QR model. We consider the following
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standard Wald statistic for testing Hy : RGo(7) = r € RP:

Wr(r) := (RA(r) - r)l (RfJ(T)R'/T)_l (RB() — 7)., (26)

where R is a p x d matrix with p < d and full rank, and 3(7) = D(7)"*Q(7)D(r)~!. For p = 1 and for

one-sided alternatives, the ¢ statistic can be defined as

Tr(r) = M (27)

R3(T)R'/T
The result in Theorem |1|shows that Qh(r) in 2(7') converges in distribution to the random matrix 2, oo (7),
which is a scaled infinite mixture of quadratic Gaussian vectors. Our next asymptotic theory establishes

non-standard limiting distributions for Wald and ¢ statistics under fixed-smoothing asymptotics.

Theorem 2. Let S = 5%, N\iZy 7, ., where Zp; = [} ®; (r)dWy(r) " N(0,1,) and Z,
Wp(1) ~ N(0,1I,), which is independent of S,[ioo. Under Assumptwns E and with D(t) & D(r), the
following statements hold as T — oo such that h fixed:

(a) Wr(1) % Weg := ZLISP |7 Z, and T7(7) % Too = Zy/1[SF, with p= 1.

(b) For the OS-LRV case, Wy, and Ts in (a) satisfy that W 4 (pK)/(K —p+ 1)Fr—pt1 and
Too 4 Tk with p = 1, where Fp, g —p+1 is F-distribution with degrees of freedom (p, K —p + 1), and Tk is
t-distribution with degree of freedom K.

Theorem [2}(a) shows that the fixed-smoothing asymptotic distributions for Wz (7) and Tr(7) do not
coincide with the standard chi-square and Gaussian limits but instead yield non-standard limits. The

]

primary source of these non-standard limits is the random denominator S}[ﬁ > Which depends on the choice of
the weight function Qp(r, s) and the smoothing parameter h, as reflected through {A;}72,. Nevertheless, the
fixed-smoothing limits, W, and Two, are free of nuisance parameters such as D(7) and (7). This nuisance-
free property enables the simulation of their critical values in practice. Specifically, with u; E (0,1p)

and ug = B~! Eil ug, define

hB—;iiQ( )ut—qu _ap) (28)
-5 (5 ) et

From the equivalent representation of the random limit

oo 1 1
S = YA = [ [ Qs )y,
j=1
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and S}, 4 s}

> a8 B — 00, we can approximate the random quantity S%’]oo using S%’]B for sufficiently

large B. As a result, the critical values for the non-standard limits W, and T, can be easily generated

by repeatedly drawing
Z;[S}LZ]B}_lZp and Zp/\/S%’,]B,

respectively, where Z, ~ N(0, I,). Notably, the eigen decompositions in is not required to implement
fixed-smoothing asymptotic inference. Instead, computing using random draws of standard normal
vectors and the weight functions @, (+,-) is sufficient to generate the non-standard fixed-smoothing limits.
In , the number B represents the number of simulation draws used to approximate the Brownian
motion process Wp(-) in S}[;Z]oo. The choice B is related to the approximation of Brownian motion, and a
larger B generally improves the quality of the approximation but increases computational burden. The
literature on HAR inference suggests that setting B equal to T' for moderately large T, say, T' > 200, can
simplify the computational burden while ensuring reliable finite-sample performance in fixed-smoothing

asymptotic inference. See Sun (2014b) for details.

The result in Theorem (b) implies that the Wald and ¢ statistics using OS-LRV estimators converge
to scaled versions of the standard F' and ¢ limits under fixed-smoothing (K) asymptotics. This result
contrasts with Theorem (a), which yields non-standard fixed-smoothing limits. To see this, note that the
weight function Qp,(r, s) for OS-LRV estimation indicates that A\; = 1/K for j € {1,...,K} and A\; =0

for 7 > K. Consequently, we have
W1y d 1
Sh,oo = E ZZPJZIPJ = EWP(K7 Ip)7
=1

where W, (K, I;) is a scaled Wishart random matrix with K degrees of freedom. Therefore, the limit
distribution W, can be represented as Z,[W, (K, I,)/ K] ~'Z,, which follows a scaled Hotelling’s T-squared
distribution. Using the well-known relationship between the T-squared and F', distributions up to the scale,
we can express the fixed-smoothing limits for the Wald and t statistics in terms of the standard F and
t distributions, respectively. Similar to the non-standard fixed-smoothing asymptotic critical values in
Theorem (a), using standard F' and t critical values for OS-LRV is expected to reduce over-rejection
when testing Hy : Rfo(7) = r in finite samples. This is because the F' and ¢ limits account for the
estimation uncertainty of the nonparametric estimator Q(T) from the studentized HAR statistic. This
feature contrasts with the conventional chi-square and normal approximations under increasing-smoothing

asymptotics, which overlook the uncertainty arising from Q(T)

In summary, we establish that alternative fixed-smoothing asymptotic results and corresponding nuisance-
parameter-free asymptotic inferences in the non-smooth QR setting. Importantly, we show that the Wald

and t inferences using OS-LRV admit the exact F' and ¢t asymptotic critical values, which do not require
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any simulations for non-standard critical values in practice. While the kernel LRV yields non-standard
fixed-smoothing critical values, practitioners can easily simulate them using only standard normal vectors
and the kernel weight specified for Qy(+, ), which can provide more accurate Wald inferences than standard

Chi-square tests in increasing-smoothing asymptotics.

4.2 Extension to quantile GMM and self-normalized inference

In this subsection, we discuss a possible extension of our HAR QR inference to non-smooth generalized
method of moments (GMM) for quantile IV regression models. We also discuss the connection between

our fixed-smoothing asymptotic inference and the self-normalization approach for QR.

Consider the non-smooth GMM for quantile models, e.g., de Castro et al. (2019):

E[Z:(Bo(7))] = BIWe(T — 1(yr < X{fo(7))] = 0

if and only if b = By(7) for a small neighborhood of fy(7). The covariate X; € R? may include both
endogenous and exogenous variables, and W; € R™ is a vector of exogenous instrumental variables that
may include exogenous components in X;. We assume that m > d, so that the QR-GMM model can
be overidentified. The QR-GMM estimator minimizes a weighted quadratic norm of the sample moment

vector:
T
B(r) = argrbréilrgl (Z Zi(b ) My (Z Zi(b ) ,
where Z;(b) = Wi(t — 1(y; < X[b), and B CR? is a compact parameter set. The m x m matrix Mrp is
a weight matrix that converges in probability to a strict positive definite matrix M. Note that when

Wy = X, the model reduces to the exactly identified QR model introduced in Section [2| where the use of

M is unnecessary for obtaining /3 (1), as it can be computed by solving the sample moment condition in
().

Under some regular conditions, the standard M-estimation theory with non-smooth moment function,

e.g., Pakes and Pollard (1989), can be applied to obtain that

V(B(r) = Bo(1)) = (G(r) MG(r)) ' G(r) M—= > Zi(7 — Ly < XiBo(7)) + 0p(1)

where

D(7) = (G(1) MG(7))"'G(7) M and G(1) = B[f(0|W;, X)W X]).
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Let Qh(T) denote the HAR LRV estimator of the long-run variance of the non-smooth moment process
{Z:(Bo(7)}, denoted as Q(7). Q(7) can be obtained by replacing Z; in (7)) with Wy (r—1(y, < X/3(r)). Also,
we can formulate the Wald and ¢ statistics for quantile-GMM by substituting D(7) with (G(7)' M7G(7))"'G(T) M7
in $(7) := D(r)"1Q(r)D(r)~! from and , respectively, where G(7) is a consistent estimate of the
Jacobian matrix G(7). The corresponding fixed-smoothing inference follows the same approach established
in the previous subsection. One complication arises when estimating the feasible two-step efficient GMM,
i.e., when My is formulated by HAR LRV estimates for the non-smooth moment process Qh(T). In this
case, the GMM weight matrix converges to a random matrix under fixed-smoothing asymptotics, which
can lead to HAR inference results differing from those in the one-step GMM framework developed in this
paper, e.g., Hwang and Sun (2017) and Hwang and Valdés (2023). Extensions in this direction are currently

under development and will be addressed in a separate paper.

We next discuss the relationship between fixed-smoothing asymptotics and an alternative self-normalized
(SN) approach in the time series literature, e.g., Shao (2010) and Zhou and Shao (2013). Instead of esti-
mating the asymptotic variance of the QR estimator, the SN approach constructs a studentized statistic
by utilizing recursive estimations of QR coefficients, starting from the subsample periods {1,..., [¢T'|+1},
where ¢ € (0,1) is a tuning parameter. Specifically, let {B[s} (T)}Z:LCTJ 41 denote the sequence of QR

estimators based on the subsamples of {1,...,s} for s <T. The SN statistic is then defined as
SNr(ric) = (RB(r) —r) (RY(r; )R /T) " (RA(r) — 1), (29)

where the self-normalized denominator Y(7;c¢) is given by
R . . . Y
T =7 > 8 (Bum) - 80n) (Ba(r) - A) - (30)
s=[cT|+1

A recent work by Hoga and Schulz (2025) establishes the asymptotic distribution of SN7(7;¢) and shows
that
SNr(1;c) 4, Z;[SNLJ?LO]_lZp,

where Z, and SN[C{J Lo are independent, and
1
SNUL = / (Wiy(s) — sWy (1) (Wi(s) — sW,(1))'ds.

To connect the SN approach to our fixed-smoothing asymptotic inference, we consider Wald statistics based
on the kernel LRV, where the kernel is chosen as the Bartlett function, i.e., Qn(r,s) = k((r — s)/b) with

k(z) =1(Jz| <1)- (1 —|z|) and h = 1/b, with no truncation, meaning that the smoothing parameter h is
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chosen as 1 for b = 1/h. The corresponding HAR LRV can be formulated as

. 1 & t s\ sere 1w L= s\ se e
Qh(T):fZZQh T ZtZs:fZZ V== )2 Z; (31)
t=1 s=1 =1 s=1
T T
1 |t_8| crzc
-2y (- iz o), ®
t=1 s=1

where the last equation follows by Theorem Using the same algebra shown in Kiefer and Vogelsang
(2002), Qp(7) in can be equivalently expressed as

3 9 L
Qn(1) = TZ

s=1

!/

1 S
7229 7
\/szl t

1 S
_ Z z¢
VT 5
which converges in distribution to the random limit:

~ d 1
Qn(r) = 291/2(7)/0 (W(s) = sWp(1)) (Wy(s) — sW,(1))'dsQ" (7).
This implies that the Wald statistic using converges to the nonstandard limit:
Wr(r) % Zp (8] ™ 2,

where Z, and S%D’]OO are independent, and the random limit S%D’]oo defined in Theorem [2| can be represented
as X
SPhe =2 [ (W) = W) (Wy(5) = sTW,(1)ds

As a result, up to the scaling factor 2, the random limit S,[‘:’]OO derived in our fixed-smoothing asymptotic
theory has the same form to that of SNE) J)o with ¢ = 0. The key difference is that the SN approach is
infeasible when the tuning parameter c is set to 0, as Y(7;0) requires the estimation of B[S] (1) starting
from a single observation, i.e., s = 1,2, 3, ... T, which is challenging to compute. Thus, in practice, selecting
an appropriate nonzero tuning parameter ¢ € (0,1) is necessary to ensure that the recursive subsample
estimators, /BH_CT 411 (7), BH-CTJ_A'_Q] (1),..., perform well in finite samples, and the implementation of the
SN statistic in is feasible. In contrast, our formulation of the HAR Wald statistic can encompass
self-normalized asymptotic inference as a special case within QR-HAR inference by simply employing the
Bartlett kernel function with b = 1 in HAR LRV estimation. Unlike the asymptotic inference based on the
self-normalized statistic SNp(7;c¢), the fixed-smoothing asymptotic inference using does not require

¢, which determines the initial subsample periods for the recursive estimation {B[S} (r)} 1 7|41 1D Y(7;c).

5 Practical Implementation of QR-HAR Inference

In this section, we provide a practical recommendation for QR-HAR inferences, focusing on the choice of the

smoothing parameter. Given the convenient features of standard £’ and ¢ critical values and their improved
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finite-sample performance in the conditional mean regression setting, e.g., Sun (2013) and Lazarus et al.
(2021), we focus on the asymptotic F' and ¢ QR-HAR inference presented in Theorem (b), which can be
implemented via OS-LRV.

The smoothing parameter h in the series OS-LRV estimator is equal to the number of basis functions K
employed. The standard HAC approaches focus on the (asymptotic) mean squared error of the infeasible
LRV estimator Qh(T) under increasing-smoothing asymptotics. These include Andrews (1991) and Phillips
(2005) in the conditional mean regression, and Galvao and Yoon (2024) in the QR setting. Among these,
we extend the OS-LRV result in Phillips (2005) to our QR setting as follows: Assume that 7" and K

increase to infinity such that K /T — 0, then we have that

MSE(0(7)) = B [vec(@n(r) — Q(r)) Woee({n () - 9(7))|
4

vec(B(1)) Wuec(B(T))) + iTr[VV(Id2 + Kga)(Q(7) @ Q(7))] (33)

K
= 7a K

+o <K4 + 1)
T K’
where W is a d? x d? weight matrix chosen by practitioners, Kyq is the d? x d? commutation matrix, vec(-)
denotes the column-by-column vectorization operator. The d x d matrix B(7) captures the bias of Qh(T),
which is of order K?2/T?:
T\? ~ &
B(7) := lim (K> (Bl -0m) =% > 7T,

T—o0
J=—

It is then straightforward to show that the leading term of is minimized at:

Ko = {(Tr[W(Idz + Kaa) (1) ® Q(T))]>1/5 _ T4/5-‘ _

dvec(B) ' Woec(B(T))

The optimal choice K},¢p that minimizes asymptotic MSE is motivated by classical work on spectral
density estimation, such as Parzen (1957) and Hannan (1970), where their main focus is on the spectral
density of {Z;} at the zero point, which is equal to the LRV Q(7)/2m. However, this choice may not be
ideal for hypothesis testing and constructing confidence intervals, which are the ultimate goals in robust
QR inference. In the conditional mean regression setting, it has been shown that HAC-type inferences
using the MSE-optimal smoothing parameter can have large size distortions in finite samples, e.g., Lazarus

et al. (2019).

An alternative to the MSE-based approach is to select the smoothing parameter K that minimizes
testing-oriented loss functions. The construction of the testing-oriented smoothing parameter begins by

transforming the original QR inference into the following p-dimensional location model:
Wt:M0+UtGRpfOI'tG{l,...,T} (34)
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with po = E[W;]. We are interested in testing Hy: po = 0 against Hi: po # 0, with corresponding Wald

statistic defined as:

Wr(r) = (VIOWr = o)) 77 (VIO = ) (35)

where 3i(r) = K=Y U,07 for U; = T2, ®;(/T) (v — o).

The error process {v:}, defined on the same probability space as the original data {Y;, X[}, has zero
mean and is assumed to be a covariance-stationary process that shares the same autocovariance structure

as {R(D(7))"' Z;}. This implies that

T
1
V(Wr — po) = -= S v % N(0,RE(T)R));
t=1
K—p+1)\ -
( II() ) Wi (1) S pFr_pir,

under Hg : po = 0. Therefore, the testing problem in is asymptotically equivalent to testing the
original null hypothesis in QR, Hy : RfBp(T) = r. Also, the Wald statistic WT(T) shares the same weak

convergence limit as Wy (7) under fixed-smoothing asymptotics.

We consider the following set for the sequence of local data generation:

)R 2y
Cr(6%) := {(RE(\}];:)”,u € Rp}, (36)

where u is uniformly distributed on a p-dimensional sphere with radius § > 0. We will choose K to follow
the classical Neyman-Pearson (NP) principle that maximizes a power of HAR inference subject to a level-a

of the test. Specifically, given § > 0, the optimal K in HAR-inference satisfies:

Maximize P(Reject Ho|When Hi(62) : o € Cp(6%) with 6 > 0 is true) (37)

subject to P(Reject Hy|When Hy : pp = 0 is true) < a. (38)

This genuine notion of the testing-optimal K was first introduced by Sun et al. (2008) in the conditional
mean regression setting with kernel-HAR inference and was further extended to the OS-HAR by Sun
(2011, 2013). See also Lazarus et al. (2018) and Lazarus et al. (2021) for other versions of the testing-
optimal criterion within a non-NP framework. We will show that the NP-approach can be adapted to our

HAR-QR-setting.

We first want to approximate the exact probabilities in and using higher-order expansion

of them. To achieve this goal, we assume that {v;} is a Gaussian process. This assumption for {v;} is a
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strong restriction, but it should not be interpreted as applying to the true distribution for its approximating
target {R (D(7))" Z;} in QR. This is because our fixed-smoothing asymptotic critical value PFL K —pi1
is valid for a broader range of non-Gaussian data. Additionally, using the infeasible quantity D(7) in
{R(D(7))"! Z;} isolates the problem of LRV estimation in HAR-QR inference from the non-parametric
estimation quantity 15(7') Under these assumptions, we can examine the higher-order expansion of HAR-
inference’s null rejection and power probabilities. This enables us to derive a closed-form formula for
the Neyman-Pearson problem in and without relying on complex Edgeworth-type expansions.
We could establish the higher-order expansion without these assumptions, but it would require including

many additional terms that are irrelevant to the smoothing parameter in the expansion of the probability

distribution for Wr(7), as shown in Sun and Phillips (2008).

Let G, 5(-) be the cumulative distribution function (CDF) of x2(6?), which is the non-central chi-
squared distribution with the non-centrality parameter 2. When 62 = 0, Gp(-) := G, 52(-) denotes the
cumulative distribution function of a y?-random variable with p-degrees of freedom, with the corresponding
(1 — a)-quantile x;. Then, the result from Sun (2011, Theorem 5) can be applied to our setting in (34)
as follows: If T" and K increase to infinity such that K/T" — 0 under the data generation process of

o € Cr(62), we have that

P () 060> =) 1= Gy~ (£) (Gyto12) 507

1/ ., 5 K? 1 1
— ? ( 52,])(2:)2 ) + o0 (712 + ? + O T 5 (39)
where Gfp,p(') and Gg27p(-) denote the first and second derivatives of Gis?,p(')’ respectively. The constant

B(7) is defined as follows:

B(7) := B(R,D(1),Q(7), B(1)) = ]1) -Tr([((RBR)[RE(T)RTY) (40)

with B := (D(r)) "' B(D(r))"". In , the second and the third terms on right-hand side captures two

different effects:

2
<> 324}(2)2’3(7) . Bias effect of RY(7)R;

. .
K gQ,p(Z)Zz : Variance effect of RY(7)R/,

which implies that there is an opportunity to select K to balance these effects under the testing-oriented
loss function specified in and . Now, we shall go one step further by considering the asymptotically
level-oe HAR inference that uses the fixed-K critical value. Let .7-";7}(0‘_13 .1 be (1 —a)-quantile of F, x—pi1.

Using the relation shown in equation (5) of Sun (2013), we can show that, if 1o = 0,
K—p+1)\ - N K\? oo K? 1 1
P (<K> WT(T) > pan_p_H) =0 — (T) (G;)(Xp)Xp) B(T) +o (712 + K> +O <T) N (41)
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as K — oo, where x; is (1 — a)-quantile of XI23 random variable. Thus, using the fixed-K critical value
can remove the variance effect under Hy, which indicates that the fixed-K critical value is second-order
correct. Also, we can obtain the second order approximation of the null rejection probability in for

HAR-inference:
K\? _
i) == () (GH0606) B

To approximate the power of HAR inference, under Hi(52) in , it can be shown that
K-p+1) « K\? _
P((5 ) e > 07 ) = 1= G () ~ (7 ) (Ghnli6) B

(x9)? K2 1 1
Ip( Q(p,52)+o(T2+K> +0 <n>

where Q) 52(xp) = G} 52 (X)) — (G; (X3)/GL(Xp))G,, 52(xy)- Note that the expansions exactly coincide with
under the null when § = 0. Using the relationship Q(p, %) = (52/2)(G’(p+2)’52 (Xp)/xp), as shown in
Sun (2011), the result leads us to approximate the power probability in :

1 — Type II error ~ 1 — ey (62, K);
« K 2 a\., ) D 62 ay ., o
611(527K) = Gp,52 (Xp) + (T) < ;,52(Xp)Xp> B(r) + 29K <G/(p+2),52(Xp)Xp) .

The approximated quantities for Type I and Type II errors directly represent size and power probabilities
of HAR-inference. Also, they allow us to provide a feasible solution of the optimal testing problem in
and . Let k denote a user-chosen tuning parameter value such that £ > 1. We then solve the

constrained minimization problem, which takes the same form as in Sun (2011):

K* = argm}}nen(62,K) such that e;(K) < ka.

Here, introducing the tuning parameter x reflects that the approximated probability can have some error
to satisfy the NP-principle’s nominal level constraint in . The constrained minimization problem yields

the following explicit form of the solution:

1
62G, (Xa) 3 5
__e42)02 P77 g _
K= [40;,52(xs)|3(r)|} T3, B(r) > 05

1
_ (s=Da }2 .
[GL(X%)X%IB(T)I} T, ifB(r)<0

and, the testing optimal K™* is formulated as
K* :max{[l?*—‘ , p—|—4},

so that the asymptotic distribution pF, x+_p+1 has a finite first moment. The practical application of
the optimal K*, a requires values for several parameters, including 62, m, and B. Readers are referred to

subsection [8.1] of the Appendix, where we provide a data-driven formula for these values.
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6 Monte Carlo Evidence

In this section, we perform Monte Carlo simulations to validate our theoretical findings and confirm the

favorable finite-sample performance of the QR-HAR inference method.

6.1 Comparison with HAR conditional mean regression

We consider the following DGP, considered in Sun (2014a):
Yt = o+ Prx1s + Poxos + P3wse + e for t € {1,..., T}, (43)
where z;; and ¢ follow AR(1) processes,
Tjt = paTjt—1 + €t and € = per—1 + et (44)

for j € {1,2,3}, po = 0.75, p € {0.25,0.50,0.75,0.90}, and (e14,...,eqz) b (0,4/1 = p2 - 1;). For the
innovation term eq ¢ i F,, we choose its probability distribution F, to have a zero mean and unit variance,

with distributions specified as:

X2(1) 1 13
_— Fe ~ —,
\/§ o \/3

The initial value € is drawn from its unconditional distribution, e.g., N(0,1/(1—p?)) with F, ~ N(0,1).The

F. ~ N(0,1) or F, ~ (45)

unknown parameter vector is § = (a, f1, B2, 43)" € R? with d = 4, and is set to be (0,1,1,1)". Since the
conditionally homoskedastic e; is independent of z;;, the true parameter for the QR coefficient vector,
(B1(7), Ba2(T), B3(T))’, is equal to (1,1,1)" for all quantile levels 7 € (0,1). The null hypotheses of interest

are

Hoy : Bi(1) =1, (46)
Hoy : p1(1) = B2(7) = 1, (47)
Hoz : B1(1) = Ba(7) = B3(7) = 1, (48)

where the numbers of joint hypotheses are p = 1, 2, and 3, respectively. When d = 2 and F,, ~ N(0, (1—p?)),
our simulation designs in and are equivalent to the DGP in Galvao and Yoon (2024), which
examined the performance of the QR-HAC ¢ statistic using standard normal critical value. Our designs
are also comparable to the AR(2) designs in Gregory et al. (2018) which employ the same regression error
specifications outlined in . Our simulation designs, including hypothesis testing f, encompass
multivariate Wald inference for both QR-HAC and QR-HAR approaches.

We examine the empirical rejection probability (ERP) of four types of Wald inferences for testing (46])—
, with the nominal significance level « set at 5%. The first Wald inference, denoted as HAR-M, utilizes
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the existing HAR-Wald inference method, which employs ordinary least square (OLS) estimates with OS
LRV estimates and ¢ and F critical values, as described in Miiller (2007) and Sun (2013). It applies the
smoothing parameter K*, determined by minimizing the testing-oriented selection rule, as outlined in Ye
and Sun (2018). The next two procedures, denoted as QR-HAC and QR-HAR, are based on QR estimates at
7 = 0.50, (i.e., median regression) and implement HAC- and HAR-based QR-Wald inference, respectively.
Specifically, QR-HAC employs kernel LRV estimates using the Bartlett kernel and chi-square critical values
derived from conventional increasing-smoothing (or small-b) asymptotics. The smoothing parameter b* is
selected by minimizing the asymptotic mean squared error (AMSE) using the optimal formula provided in
Galvao and Yoon (2024). QR-HAR is based on the OS-LRV estimate and the fixed-smoothing asymptotic
result in Theorem [2}(c), which uses (scaled) F-critical values. The smoothing parameter K* is obtained

using the testing-oriented rule with the data-dependent formulation specified in the previous section.

The final method, denoted as SETBB, employs the smooth extended tapered block bootstrap approach
developed by Gregory et al. (2018). It is designed to improve inference in time series QR by extending
the tapered moving block bootstrap method, incorporating smoothing for both data blocks and individual
observations. Implementing SETBB requires two smoothing parameters: one for individual data and one
for block length. For the smoothing parameter for individual data, we use the formula recommended in
Section 4 of Gregory et al. (2018). For the block length, we set it as b*T, where b* is the AMSE-optimal
smoothing parameter in QR-HAC. We consider sample size T' € {200, 400, 800}, with 10,000 replications
in all Monte Carlo simulations. The results are provided in Tables for the null hypotheses 7,
with p € {1,2,3} and error distributions specified in ([45).

Our results first indicate that Wald inferences for both conditional mean regression (OLS) and QR
perform well when the degree of time series correlation p is low, i.e., p = 0.25, as their ERPs are close to
the nominal level 5%. For example, Table [1| for normal errors and p = 0.25 shows that ERPs for HAR-M,
QR-HAC, and QR-HAR with 7" = 200 and p = 1 are 7.2%, 8.1%, and 7%, respectively. The size distortions
reduce to 6.9%, 7.1%, and 6.3%, as the sample size increase to T' = 400. Not surprisingly, the ERPs
for OLS-based HAR-M increase when the errors are non-Gaussian, while the ERPs for QR-based inference
are less sensitive. For instance, results in Table show that the ERP for HAR-M with p = 3 and
p = 0.25 increases from 8.6% to 10.3% and 10.6% when the error distributions shift to chi-square and 73,
respectively. On the other hand, our results show that the ERPs for QR-HAR inference remain steady,

ranging from 8.9% to 9.8% across all error specifications.

Tables also indicate that the size distortions of OLS-based Wald inference, HAR-M, substantially
increase, as p increase. Specifically, Table [I] for normal errors shows that the ERPs for HAR-M with 7' = 200
and p = 1 increases from 7.2% to 14.1% as p increases from 0.250 to 0.50, and further increase to 56.3%
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when p becomes 0.90. One reason for this is that the variance of innovation, var(e;) = 1/(1—p?) approaches
to infinity as p increases to one. Thus, the time series correlation problem in the HAR conditional mean
regression also affects the larger (unbounded) second moment of the underlying moment process in our
DGPs. In contrast, our results show that QR-based Wald inference have substantially lower size distortions
than HAR-M when p increases. For instance, ERPs of QR-HAC are around 9.5%-13.4% and those for QR-HAR
are around 7.3%-9.2% for T' = 200, p € {0.50,0.75,0.90}, and p = 1 in Table |1} Also, Tables indicate
that, for a given p value, the ERPs of QR-HAC and QR-HAR approach the nominal level of 5%, as sample

size grows.

While QR-based Wald inference substantially reduces the finite-sample size distortions observed in
OLS-based Wald inference, our results indicate that the HAC-based QR Wald inference, QR-HAC, can still
suffer from severe size distortions when the degree of temporal dependence is high, e.g., p = 0.90. We also
observe that size distortions become more serious as the number of testing parameters p increases. A key
reason for the failure of QR-HAC is that the non-parametric LRV estimate exhibits high variation in finite
samples, but these variations are not accounted for in the chi-square critical value used for QR-HAC. This
result naturally motivates the implementation of the HAR-based QR Wald inference, QR-HAR, where its
OS-LRV estimate utilizes standard (scaled) F' critical values and a testing-oriented smoothing parameter

choice, rather than the AMSE-optimal rule.

In Tables we find that the size distortions of QR-HAC are reduced in QR-HAR, especially for sample
sizes T' ranging 200 and 400. For example, Table [I| with p = 1 and 7" = 200 reports that the ERPs of
QR-HAR reduce those of QR-HAC from 8.1%-9.5% to 7.0%-7.3% at p € {0.25,0.50}, and 11.9%-13.4% to
8.9-9.2% at p € {0.75,0.90}. The reductions in size distortions become more pronounced as p increases, as
shown in Table [1} as well as Tables [2] and |3| for other DGPs. Additionally, results with different values of
p show that finite-sample improvements also increase when the number of testing hypotheses p increases,

consistent with existing HAR literature, such as Sun (2011, 2013) and Hwang and Sun (2018).

In summary, the HAR-QR approach significantly reduces the empirical size distortions of the HAR
conditional mean regression approach. Its finite-sample performance remains robust to the time series per-
sistence of the regression error, even when the error distribution is non-Gaussian, asymmetric, or contains
outliers. The HAR-based QR Wald inference not only addresses serial correlation but also mitigates the
effects of heavy-tailed distributions (unbounded second moments), which negatively affect the performance
of the HAR conditional mean regression. Additionally, our QR-HAR approach, based on the asymptotic
F-test with a data-driven, testing-optimal smoothing parameter, performs well in finite samples, reducing

the ERPs of the conventional chi-square test in the QR-HAC approach across various DGPs.

Lastly, we report the results of the bootstrap approach in Gregory et al. (2018), SETBB, as presented
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in Tables The results indicate that SETBB can serve as an alternative to HAR inference, as it yields
conservative finite-sample sizes when the degree of serial correlation is moderate. For example, Table
with p = 1 and T" = 200 shows that the ERPs of SETBB range from 2.0% to 4.0% for p € {0.25, 0.50}.
However, our findings indicate that the size distortions of SETBB are larger than those of the QR-HAR
approach when the degree of serial correlation is high, e.g., p € {0.75, 0.90}, with ERPs ranging from
9.1% to 17.9% with p = 1 and T = 200. These numerical findings suggest that QR-HAR Wald inference,
QR-HAR, is comparable to the bootstrap approach in Gregory et al. (2018), SETBB, when serial correlation
is moderate and outperforms the bootstrap approach when serial correlation is strong. Importantly, our
approach employs studentized Wald inference, whereas SETBB is limited to unstudentized statistics, as its

bootstrap critical values are designed for unstudentized statistics.

6.2 Performance under heteroskedastic error variances

Our next simulation designs considers the same DGPs for the regressors (z14, 24, 23:)" and errors ¢ as in

, but replaces with
Y = a+ Prxry + Paxay + B3xzy + (o + mary)e for t € {1,..., T}, (49)

where 779 = 2 and 71 = 0.5. The innovation term eq ¢ from follows the distribution eg; ~ N(0, /1 — p2).
In this case, the QR coefficient vector is given by (31(7), B2(7), B3(7)) = (B1 + m® (1), B2, B3)’, where
®(-) is the CDF of standard normal random variable, so the 7-QR coefficient for x;; differs from that of

the conditional mean regression when 7 # 0.5. The null hypotheses of interest are

Ho: Bi(7) = B1 +m® (1), (50)

Hos : ﬁl(T) = 51 + 771‘19_1(7') and 52(7') = [, (51)
for p =1, 2, respectively, and (81, B2, 83)" = (1,1,1)".

Similar to the previous subsection, we examine the empirical rejection probability (ERP) of inference
using QR-HAC, QR-HAR, and SETBB, but exclude HAR-M as the inference cannot test the heterogeneous
quantile effects in and for 7 # 0.50. The results are reported in Tables [4| and |5} They indicate
that the HAC inference in QR, QR-HAC, can achieve ERPs close to the nominal level for moderate levels
of serial correlation with a large sample size, e.g., p € {0.25,0.50} and T" = 800, when testing a single
hypothesis (p = 1). However, there are significant size distortions for QR-HAC, especially with moderate
sample sizes and a higher degree of persistence, such as T' = 200 with p € {0.75,0.90}. The HAR inference
in QR, QR-HAR, can reduce the size distortions observed in QR-HAC for these cases. For example, when

p € {0.75,0.90} and n = 400 with 7 = 0.75, Table {4 that the ERPs for QR-HAC, ranging from 11.4% to
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15.2%, are reduced to 9.4%-10.4% by QR-HAR. Similar to the previous analysis with 7 = 0.50, Tables
and [5|indicate that the extent of finite-sample improvements increases when multiple hypotheses are tested
in Wald inference. The performance of the bootstrap approach, SETBB, exhibits similar findings as in the
previous section. Its ERPs are most accurate in size when there is a moderate degree of serial dependence,
such as p € {0.75,0.90}. However, SETBB shows more size distortions than QR-HAR when p = 0.90 and
7 = 0.75, as shown in Tabldd]

Finally, we note that both Wald inference methods, QR-HAC and QR-HAR, are subject to size dis-
tortions when the quantile level 7 focuses on the tails, such as 7 = 0.90. However, the magnitude of these
distortions decreases as the sample size increases. We also observe that the bootstrap approach, SETBB,
is less sensitive when making QR inference at the tails and provides more accurate sizes than QR-Wald
inference. In contrast to SETBB, the primary source of size distortions in QR-Wald-inference arises from
finite-sample variability in the nonparametric estimation of the QR Hessian matrix in . Employing
resampling methods in QR can provide more accurate estimates of asymptotic variance, thereby enhancing

the QR-HAR Wald inference proposed in this paper. We leave this for future research.

7 Conclusion

In this paper, we establish an alternative fixed-smoothing asymptotic theory for quantile regression (QR) in
time series under unknown form of weak temporal dependence. We show that the long-run variance (LRV)
estimate in QR weakly converges to a random matrix scaled by the true LRV, and the corresponding QR-
Wald statistics weakly converge to non-standard limits. Building on this result, we extend HAR inference
in the conditional mean regression models provided by Sun (2014a & b) and Lazarus et al. (2021) to
QR setting. Additionally, we show that the Wald and ¢ inferences using orthonormal series LRV (OS-
LRV) admit the standard F' and t asymptotic critical values, which do not require any simulations for

non-standard critical values in practice.

Regarding the choice of the smoothing parameter in OS-LRV, we develop an optimal smoothing selec-
tion rule that addresses the central concern of hypothesis testing, following the classical Neyman-Pearson
principle. Based on approximated Type I and Type II errors, we provide a closed-form formula for the

testing-optimal smoothing parameter.

Our simulations show that the asymptotic F-test, with a data-driven, testing-optimal smoothing para-
meter, performs well in finite samples, reducing the size distortions of both OLS-based HAR Wald inference
and HAC Wald inference in QR across various data generation processes. The finite-sample improvements

of our QR-HAR approach are more pronounced when the sample size is moderate, the degree of tem-

29



poral dependence increases, and the number of null hypothesis parameters grows. Given its convenience
and improved finite-sample performance, we recommend using OS-LRV in HAR inference, along with our

data-driven smoothing parameter selection rule, for the QR setting.
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8 Appendix of tables, formulas, and proofs

8.1 Data-driven implementation of QR-HAR inference

In the formula for the testing-oriented smoothing parameter 1) the function G; 7 52(*) is the pdf of the
non-central y?-random variable with degrees of freedom p, and the noncentrality parameter 2. It can be

written as

po2 () =

p—2
Lo (5 ()" s (7).

where I,(s) = (s/2)” Z;‘;O(Sz/ll)j/(j!F(V +j+1)) with I'(z) = [;° t*"te~"dt is a modified Bessel function
of the first kind. Given xj, the value of G; 52 (xp) can be computed using popular programming software
such as MATLAB and R, which have functions ncx2pdf and dchisq for this purpose, respectively. Using
. For the tuning parameter §2, according to its definition in , the value of 62 indicates the degree
to which the true parameter Rfy(7) deviates from the original null hypothesis Hp : RBo(7) = r under the

following alternative hypothesis:
(RE(1)R)YV?u
vT

where ||u||> = 62. In principle, 62 can be chosen to reflect the scientific interest or economic significance

H1(52) : RBy(1) =71+

implied by the hypothesis test. When the information is not available, however, we can set a value to
satisfy the rule P(x,(6%) > x;~) = 0.75, as suggested by Sun (2011, 2014). Note that this value of §
corresponds to the point at which the infeasible y2-test for QR, using the known asymptotic covariance

matrix RY(7)R’, achieves 75% of the local asymptotic power.

For the parameter x, which is greater than one, the value reflects the tolerance level for the deviation
of the second-order approximated type I error probability e;(K) from the nominal level a. For example,
if Kk = 1.10 and the nominal level is 5% (i.e., @« = 0.05), the optimal HAR inference aims to control the
type I error such that it does not exceed 5.5%. We may allow k to depend on the sample size n. For larger
sample sizes, e.g., T is more than 500, x can be set to smaller values such as 1.05. We select a smaller value
of k than what is recommended for the conditional mean regression case, e.g., Ye and Sun (2013) with
k = 1.15, because the actual QR-HAR statistic is expected to have more approximation errors, leading to

a greater deviation from the Gaussian location benchmark model.

The feasible estimation of the optimal smoothing parameter K* requires an estimation of the p x p
matrix B specified in , which includes estimations of D(7),Q(7), and B(7). For D(r), the consistent

Powell estimator takes the form D(7):

D(r) = TL S K (“‘XW> X, X!, (52)

l
t—1 T
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where K(u) := 27'1(Ju| < 1) is the uniform kernel. Regarding the choice of bandwidth parameter Ir,
our Monte Carlo simulations indicate that the bandwidth rules proposed by Hall and Sheather (1988)
and Bofinger (1975) perform well even in the presence of dependent errors. This aligns with the findings
of Galvao and Yoon (2024) in their investigation of the QR-HAC approach. The formulas for the Hall-
Sheather and Bofinger rules, as provided in Koenker (2005), can be specified in the Gaussian case as

follows:

A 4594 1(r)) | /°
R o

ip= T3] 23 1.5¢2(7) 1/3
. { <2<w'<7>/w<7>>2+<w'<7>/w<f>—w"<f>/w<7>>> }

respectively, where 1(+) is the standard normal probability density function, and z, denotes the (1 — «)

quantile for a standard normal random variable. These data-dependent estimates of 15(7) can be easily

executed using the R package quantreg and were implemented in our Monte Carlo simulations.

For values of Q(7) and B(r), Phillips (2005), Sun (2013), and Hwang and Valdés (2022) propose
using VAR(1) approximation of the regression score process, i.e., Zy = A,Z; 1 + wy for A € RI*d and

E[w.;w.,] = T, and utilize their implied parametric forms given below:

Quar (1) = (Ig — A) 710 (I — A) 7L (53)
2
Byar(7) = —%(Id — A3 (ALY 4 A2Y AL + A2Y — 6A,TA, (54)

+Y(AL)? + ALY (A2 + YAL) (Ig— AL) 73,

The VAR(1) coefficient A, can be directly estimated using the estimated QR-score process Zt = X;m; with
me =7 — 1(é& < 0). However, as noted by Galvao and Yoon (2024), this procedure can induce substantial
finite-sample biases in the autoregressive coefficients in A, which is driven by the estimated non-smooth

component 7y := (7 — 1(é; < 0)).

To avoid finite sample problems in 7, we follow the alternative formulation of A, of Galvao and
Yoon (2024) and extend their approach for the single-dimensional case to the general multivariate case,
with A, € R¥? The alternative procedure assumes that the components X; and e; follow VAR(1) and
Gaussian-AR(1) processes, respectively. The estimates for the VAR coefficient, Ay, and the AR(1) co-
efficient for 77, gZB(T), are estimated separately. The former can be straightforwardly formulated by A,
= (O, X X! (O X, 1X] )7L For the latter component, recall that (e, e; 1)’ is assumed to follow
a bivariate normal distribution. The implied AR(1) coefficient for /i can be formulated as below: (i)

Compute a normalized &, = é;/s., where é, = y; — X[5(7), and s, is the sample standard deviation for

{e}Ly. (if) Compute pe = Y7 (& — €4) (61 — )/ X (@1 —e-)?%, where e, = (T— 1)~ Y7, & and
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e = (T -1t é. (iii) Compute §(7), the 7-quantile of {¢;}7; (iv) Obtain the alternative AR(1)

coeflicient estimator:

QZA)(’T) _ P [(07 O)/;M7 V] -7’ with = _(.?(7_) and V — 1 pe ’
7(1—17) —4(7) b 1

where ®5(-; 1, V) : R? — R denotes the CDF of bivariate normal random variable N (u, V).

With A, and ¢(7), we can obtain the alternative estimates for the VAR(1) coefficient A, = A,¢(7).
We can then derive the implied parametric plugged-in estimates Qvar(T) and Bv.dr (1) by replacing A, and

T in and with A, = AZQB(T), and ¥ =771 Ethl W, with W, = 7 — AZZt_l, respectively.
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8.2 Tables in Section

Table 1: Empirical rejection ratios for 7 = 0.50 with Normal QR errors and o = 0.05

7= 0.50 and F.~ N (0, 1) for innovation in (45

p= p=2 p=3

T p HAR-M QR-HAC QR-HAR SETBB HAR-M QR-HAC QR-HAR SETBB HAR-M QR-HAC QR-HAR SETBB

200 0.250 || 0.072 0.081 0.070  0.020 | 0.074 0.097 0.081 0.014 | 0.086 0.114 0.089 0.010
200 0.500 || 0.141 0.095 0.073 0.040 | 0.183 0.123 0.091 0.030 | 0.206 0.152 0.109  0.025
200 0.750 || 0.347  0.119 0.089 0.091 | 0.464 0.157 0.116 0.074 | 0.537 0.186 0.138 0.075

200 0.900 || 0.563 0.134 0.092  0.179 | 0.743 0.176 0.110 0.179 | 0.686 0.208 0.127  0.198

400 0.250 || 0.069 0.071 0.063 0.020 | 0.076 0.076 0.066 0.013 | 0.079 0.089 0.073 0.012
400 0.500 | 0.139 0.078 0.064 0.036 | 0.185 0.090 0.069 0.025 | 0.215 0.101 0.085 0.025
400 0.750 || 0.370 0.091 0.070  0.081 | 0.517 0.106 0.082 0.064 | 0.613 0.132 0.095 0.070
400 0.900 | 0.649 0.100 0.075 0.155 | 0.809 0.119 0.084 0.164 | 0.844 0.143 0.094 0.189

800 0.250 || 0.074 0.063 0.058 0.026 | 0.086 0.072 0.063 0.019 | 0.090 0.075 0.063 0.016
800 0.500 || 0.147  0.079 0.067 0.043 | 0.203 0.083 0.069 0.030 | 0.232 0.086 0.077  0.029
800 0.750 || 0.384 0.084 0.068 0.079 | 0.539 0.095 0.074  0.067 | 0.649 0.104 0.078  0.066
800 0.900 || 0.679 0.087 0.069 0.138 | 0.871 0.102 0.080 0.150 | 0.933 0.110 0.091 0.167

Note: HAR-M reports empirical null rejection probabilities for conditional mean HAR-Wald inference using OLS
estimates with F-criticalvalues. It employs the smoothing parameter K™, which minimizes the testing-oriented
selection rule according to the formula provided in Ye and Sun (2018). QR-HAC implements the HAC-based QR-
Wald inference with kernel LRV estimates, employing the Bartlett kernel and chi-square critical values derived
from conventional increasing-smoothing (or small-b) asymptotics. It employs the smoothing parameter b*, which
minimizes the asymptotic mean squared error (AMSE) according to the formula provided in Galvao and Yoon (2024).
QR-HAR is based on the OS-LRV estimate, using the F-criticalvalues. The smoothing parameter K *for Wy, 5 is
determined using a testing-oriented rule with the data-dependent formulation specified in Section 5. SETBB refers
to bootstrap-based inference (smooth extended tapered block bootstrap) for QR, proposed by Gregory et al. (2018).

The nominal level of test « is set at 5%, with 5,000 replications.
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Table 2: Empirical rejection ratios for 7 = 0.50 with Chi-square QR errors and a = 0.05

7=0.50 and F.~ (x,(1) — 1)/+/2 for innovation in (45

p=1 p=2 p=3
n P HAR-M QR-HAC QR-HAR SETBB HAR-M QR-HAC QR-HAR SETBB HAR-M QR-HAC QR-HAR SETBB
200 0.250 || 0.064 0.085 0.074  0.033 | 0.085 0.103 0.085 0.020 | 0.103 0.119 0.098 0.016
200 0.500 | 0.121 0.097 0.075 0.047 | 0.167 0.127 0.094 0.031 | 0.200 0.154 0.114 0.027
200 0.750 || 0.320 0.123 0.095 0.088 | 0.428 0.163 0.117 0.065 | 0.482 0.197 0.142  0.068
200 0.900 || 0.549 0.132 0.087 0.165 | 0.727 0.180 0.110 0.169 | 0.660 0.224 0.127  0.189
400 0.250 || 0.066 0.079 0.069 0.057 | 0.080 0.090 0.076  0.040 | 0.101 0.101 0.084 0.033
400 0.500 || 0.135 0.090 0.076  0.061 | 0.192 0.102 0.081 0.045 | 0.236 0.127 0.106  0.040
400 0.750 || 0.363 0.100 0.076  0.093 | 0.504 0.128 0.099 0.073 | 0.601 0.152 0.110 0.071
400 0.900 || 0.627 0.112 0.084 0.153 | 0.795 0.136 0.092 0.151 | 0.787 0.163 0.111  0.172
800 0.250 || 0.074 0.068 0.060  0.060 | 0.087 0.073 0.061 0.048 | 0.109 0.082 0.070  0.048
800 0.500 || 0.149 0.072 0.063 0.060 | 0.199 0.085 0.070  0.051 | 0.241 0.099 0.092  0.048
800 0.750 || 0.388 0.088 0.071  0.080 | 0.542 0.106 0.091 0.075 | 0.652 0.121 0.088 0.074
800 0.900 || 0.679 0.093 0.073 0.135 | 0.855 0.110 0.087 0.139 | 0.905 0.125 0.102 0.154
See footnote in Table [1l
Table 3: Empirical rejection ratios for 7 = 0.50 with7'(3) QR errors and a = 0.05
7= 0.50 and F.~ T3/+/3 for innovation in (45
p=1 p=2 p=3

T 14 HAR-M QR-HAC QR-HAR SETBB HAR-M QR-HAC QR-HAR SETBB HAR-M QR-HAC QR-HAR SETBB
200 0.250 || 0.057 0.082 0.071  0.012 | 0.076 0.097 0.075 0.006 | 0.106 0.111 0.087  0.005
200 0.500 | 0.109 0.098 0.079  0.030 | 0.146 0.121 0.088 0.018 | 0.186 0.146 0.108 0.012
200 0.750 || 0.295 0.125 0.092 0.073 | 0.384 0.158 0.118 0.051 | 0.437 0.195 0.140 0.044
200 0.900 || 0.534 0.139 0.084 0.156 | 0.707 0.178 0.105 0.135 | 0.634 0.213 0.122 0.151
400  0.250 || 0.059 0.071 0.062 0.017 | 0.082 0.079 0.070  0.010 | 0.110 0.088 0.073  0.007
400 0.500 || 0.127 0.079 0.066 0.034 | 0.166 0.097 0.073 0.023 | 0.221 0.107 0.085 0.019
400 0.750 || 0.332 0.095 0.072  0.064 | 0.463 0.120 0.090 0.055 | 0.554 0.141 0.103  0.052
400 0.900 || 0.588 0.104 0.073 0.129 | 0.762 0.131 0.089 0.123 | 0.744 0.154 0.100 0.125
800 0.250 || 0.067 0.069 0.061 0.022 | 0.085 0.076 0.066 0.014 | 0.106 0.076 0.065 0.011
800 0.500 | 0.135 0.080 0.068 0.038 | 0.188 0.086 0.073  0.026 | 0.230 0.098 0.087 0.024
800 0.750 || 0.349 0.081 0.062 0.062 | 0.506 0.105 0.091 0.058 | 0.606 0.108 0.087 0.052
800 0.900 | 0.635 0.086 0.068 0.117 | 0.804 0.104 0.080 0.118 | 0.844 0.112 0.096 0.123

See footnote in Table [Il
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Table 4: Empirical rejection ratios for 7 € {0.75,0.90} with p = 1 and a = 0.05
DGP in (49) with p =1

7= 0.75 7= 0.90

T p QR-HAC QR-HAR SETBB QR-HAC QR-HAR SETBB

200 0.250 0.086 0.076  0.027 0.109 0.102  0.025
200  0.500 0.113 0.098 0.051 0.129 0.116  0.049
200 0.750 0.141 0.108  0.091 0.178 0.152  0.087

200 0.900 0.192 0.136  0.165 0.246 0.194 0.146

400 0.250 0.081 0.074  0.022 0.094 0.087 0.019
400  0.500 0.087 0.077  0.039 0.115 0.106  0.031
400 0.750 0.114 0.094 0.078 0.139 0.120  0.069
400  0.900 0.152 0.104 0.131 0.185 0.156  0.128

800 0.250 0.078 0.069 0.023 0.079 0.076  0.015
800  0.500 0.084 0.086 0.036 0.092 0.087  0.026

800 0.750 0.092 0.080  0.060 0.105 0.094 0.050

800 0.900 0.114 0.089 0.101 0.139 0.117 0.101
See footnote in Table [l

Table 5: Empirical rejection ratios for 7 € {0.75,0.90} with p = 2 and « = 0.05
DGP in (49) with p = 2

7= 0.75 7=0.90

T P QR-HAC QR-HAR SETBB QR-HAC QR-HAR SETBB

200 0.250 0.114 0.096 0.018 0.160 0.147 0.014
200  0.500 0.148 0.121  0.039 0.198 0.179  0.035
200 0.750 0.198 0.154 0.084 0.270 0.236  0.069

200  0.900 0.257 0.179  0.145 0.351 0.286  0.140

400 0.250 0.102 0.089 0.016 0.139 0.129 0.016
400 0.500 0.121 0.107  0.032 0.168 0.155 0.028
400 0.750 0.153 0.130  0.069 0.208 0.189  0.060

400  0.900 0.191 0.147 0.119 0.271 0.235 0.113

800 0.250 0.089 0.078 0.017 0.106 0.102  0.009
800  0.500 0.105 0.105 0.032 0.127 0.122  0.021
800 0.750 0.120 0.107  0.056 0.148 0.140 0.041

800 0.900 0.143 0.117  0.102 0.197 0.178 0.093
See footnote in Table [I]

36



8.3 Technical lemmas

The following lemma is a version of Lemma C.2 in Galvao and Kato (2016) which states a property of
strong mixing process {V;} which provides upper bound for covariance between V; and Vi, for any fixed
integer s. As noted in Galvao and Yoon (2024), the original result is attributed to Yoshihara (1976), who

assumed (-mixing, but this result can be applied to the case of a-mixing in Lemma [I] below.

Lemma 1. Let {V;} be with a-mizing coefficient a[s] such that B[V;] = E[Viys] = 0, and for some positive
constants 6 and M such that

B[ Vi " O)E[ Vie s ') < M and B[V Vi) < M.
Then, we have that

|cov(V, Vigs)| < 4MY (1H0) [ 5]0/(140)

The next lemma provides a slight modification of the exponential-type inequality result from equation
(2.1) in Theorem 1 of Merlevéde, Peligrad, Rio (2009). The inequality in Lemma [2| extends Bernstein’s

inequality for i.i.d. data to time series which is characterized by a-mixing dependence.
Lemma 2. Let {Ut}thl be a sequence of zero-mean stationary random variables that satisfy
alk] < exp(—agk)

for a certain constant ag > 0. Also, assume that there exists a positive constant B that satisfies maxy<i<7 ||Ut|| <

B. Then, there exists a positive constant c1 depending only on ag such that the following inequality holds

2
P >z | <exp|-— as
-7~ v2+ B2+ 2B(logn)? )’

for sufficiently large T > 2, where v* = var(Zle Up).

for all x > 0:

T
DU

t=1

Our final technical result in this subsection shows that the CLT assumption in Assumption [5| can be
validated under certain primitive conditions, similar to those in Jenish and Prucha (2009). For simplicity
of exposition, we focus on the marginal weak convergence in the CLT of {®y, (t/T) Z;}]_, for a scalar time
series Z;, as the joint weak convergence over k € {1,...,J} and the multivariate Z; case can be established
using the Cramér-Wold device. For a generic random variable V, we denote the upper quantile function
Ly(-):(0,1) — [0,00) as

Ly(u) =inf{z e R: P(V > z) < u}.

Additionally, we define the inverse function of the a-mixing coefficient aip,[u] : (0,1) — N U {0}, as:

Qinp[u] = max{s > 0: a[s] > u}.

37



Lemma 3. Suppose that:

i) There exists an array of positive real constants {c;r}1_, such that

o (1) (] 1 (e (2) ()] )

Q
lim inf {1 <T’k>} > 0,
T—oo | T maxi<¢<T C@T

lim sup sup E

= 0;
M—00 TeN1<t<T

where Q. p(1) := var(T~Y2 T ®4(t/T)Zy).
ii) The sequence {®y, (t/T) Z;}1_, is a-mizing and satisfies that

1
lim lim s a? [u] (L 2alu:O;
MLmTLw1<1;£T/O inolt] (L1@y,(t/7) 2104 (t)T) 24 >C))

Zjoz[j] <0 and a(j) = O(j727°) for some € > 0.

If @ (+) is continuously differentiable such that fol ®%(r)dr =1, and if Z;F:lﬂE[ZtZt_jH < 00, then

Z@k< )Ztﬁjwo Q(7)),
as T — oo.

8.4 Technical results for the proofs of main results

We begin by presenting some technical results to establish for the empirical process Gy 7(b). Define

the following versions of the empirical processes:

. 1 t
Chal®) = 75 30 (1) (0 - BZOIKD:
T
t
Gurl®) = 7 S0 () (20X - 20D,

Lemma [ below shows that

sup  ||Grr(b) — Grr(Bo(r))l| = 0p(1) and  sup  [|Grr(b) — Grr(Bo(7))|| = 0p(1),
bENer (Bo(T)) bENer (Bo(7))

from which the result in follows by the triangle inequality.

Lemma 4. Suppose Assumptions hold, and fix any positive constant Co for er = CoT /2 in Ney (Bo(7)).

Then, as n grows to infinity, we have that

. . lo
wp [€ar®) - Gur(Galr)l = 0, (57 ) (55)
bGMT (IBO(T)) n
~ ~ (logn)3
swp  (1Eer) — Err(Bo(r)l| = 0, (LB, (56)
bENeT (BO(T)) n

hold uniformly over k € {0}UN.
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Proof of Lemma[f]. Without loss of generality, we let X; be single-dimensional, i.e., d = 1, whenever it is
convenient. Also, we assume that Sy(7) = 0 without loss of generality. We first prove the result in (55).
Define

e(b) == {1(er < 0) — Ler < Xb)} — {E[L(er < 0)[X¢] — B[1(er < X7b)|Xi]) } 5

¢t(b) = gOt(b)Xt

Then, it is not difficult to check that E[®y(¢t/T)¢(b)] = 0 for any b € N, (Bo(7)) and k € NU {0}, using

the law of iterated expectations. Also, by construction, we have that

T
Grr(b) — Grr(Bo(T)) = Grr(b) — Gir (0 Z < ) b) X,

1 & t
:ﬁ;q)k(T)wtb

With yp = T-1/4 log(T'), we want to show that there exists a sufficiently large constant M > 0 that does

- (1) v

To establish the result in (57), we follow the following steps 1-3. Step 1: Fix b € N, (Bo(7)), and show

ha
: (e (1)) o ()

not depend on k € NU {0} and satisfy that

lim P ( sup

> M~r | =0. (57)
T—o0 bENeT 60

where the upper bound for the term O(T~'/2) does not depend on k and b. From the stationarity of
{4b¢(b)}, we have that

r <\/1T tZT; oy, (;) Mb)) = var (cpk (;) wl(b)) + QSZT; (1 — ;) Cov(®y (;) s (D), P, (;) b1(b))

g( sup |9, (;)\) x(var(wl +2Z!Cov al >w1(b)>\>-

1<s<T,keN

(59)

For the variance term in , note that var (i1 (b)) = E[t?(b)] = B[ X?E[p?(b)| X1]] holds. Also, conditioning
on X1, ¢¢(b) is a centered Bernoulli random variable, and we denote its conditional success probability
pp(X1) for any b € N, (Bo(7)). We then use the boundedness assumption |f(e|z)] < C in Assumption
and obtain that

X!b 0
pb<Xl>sF<X1b|X1>—F<0\X1>|=' / FlelX1)de — / f(e|X1)de| < (Cer)-1X1|  (60)
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for some constant C' > 0. Using this result, we can bound the conditional variance of ©?(b), which is equal

o (1— py(X1))ps(X1), as below:

var (o7 (b)| X1] = B[} (b)| X1] = (1 — pu(X1))pe(X1) < pp(X1) < (Cep) - | Xyl

The results, together with Assumption iv), lead us to conclude that

E[y(b)] = BIX7E[¢f(0)|X1]] < (Cer) - B[|IX;’] < C"-er

holds for some constant C’ > 0, and any b € N, (8(7)). Next, we focus on covariance terms in (59).
Consider E [¢7,,(0)¥%(b)] = E [¢3, ,(b)¢?(b) X7, X?] . Conditioning on (X145, X1), ¢1(b) and ¢144(b) are
centered Bernoulli random variables with success probabilities py(X1) and py(Xi4s), respectively. By ,
these probabilities are bounded by er - | X;| and ep - | X4/, respectively. Additionally, ¢1(b)¢14s(b) is also

a Bernoulli random variable with conditional success probability py(X:)pp(Xi4s). We then have that

E 07, (0)@T (0)|(X11s, X1)] = var(o1(b)e14s(b)|(X11s, X1)] + B [0145(0)| (X145, X1)] - E 01 (0) (X145, X1))]
= po(X1)pp(Xi4s) - (1 — pp(X1)pp(X1+5)) + po(X1)pp(Xi4s)

< 2pp(X1)pp(X14s) < (2C%€7) - [ X1 X144,
and this leads us to obtain that

E [41,.(0)01(6)] = B[], ()0 (0) X7, XT] < (2C%1) - B[ X7, XT|]] < C"ef

holds for some positive constant C” that does not depend on s. Summing up the results so far, we verified

that
E[i(b)] = B[y, (b)] < C'-er and E [¢7, (b)pi(b)] < C” - ek

hold for some constants C’ and C”. This finding allow us to apply Lemmal[l]by setting § = 1 and V; = 14 (),

and we obtain that

|Cov(115(b), 1 (b))] < C"erals)'/?

holds for some universal constant C”” > 0. Thus, we conclude that

T T [e%)
> " 1Cov(¥s(b),11(B))] <> [Cov(ts(b), 11 (b)) < C" - ep - (Za[s}“) :
5=2 s=1

s=1

where the second-to-last inequality follows from Assumption [2, S°°°  «a[s]'/? < co. This implies that the

(v

following inequality

(61)

3l

T
> )<W¢1 )23 Con(.0). 10 <

s=2

3\
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holds for sufficiently large T with some positive C' > 0. This result, together with uniform boundedness of

4 (+), implies that

1 L t S ? L
var (ﬁ;% <T) wt(b)> < ( sup (@k (T)D x <var(w1(b))+22|C’ov(¢s(b),wl(b))]>

1<s<T,keN —

(62)

1
—0o(—=),
(%)
which is the desired result. Step 2: Fixed b € N, (8o(7)). Using the result in Step 1, we show that there

exist some positive constants ¢; and C such that

1 < t
P ( 77 ;ﬂbk <T) ¥i(b)
holds for any finite M > 0 that does not depend on k € NU {0}. We apply Lemma [2|to Uy = @5 (t/T)¢y(b),
B = A-O(TY?), vy = T~Y/*1og T, and & = M~/T~yr, and obtain that, for sufficiently large T,

> M7T> = exp <—CC~1’M2 log(T)2> (63)

2
a c M\/Ty
P ( Zq)k <;> Y(b)| > M\/T’YT> <exp| — - ' ( T) . 2
=1 var <Zt:1 wt(b)> + (M\/T’YT) Blog(T)?+ B
< oxp | — i M2 (log T)* TY/?
< exp C’TI/Q —|—MT1/4(10g T)3B + B2

1 M2 (log T)?
X — =
P\ AMI— 40 (n1/5) log(T)? + A2T2/5T—1/2

o 1 M2 (log T)?
=exp | —=
P C+ O(T—1/20) 10g(T)3 + O(T—1/10>

holds for any fixed b € N, (Bo(7)). The result implies that

P ( \%g% <;> Y¢(b)

holds for constants ¢1, C' > 0 and sufficiently large number of 7. Step 3: We now extend the pointwise result

> Mw) < exp <CC~1M2 1og<T)2)

of in Step 2 to the uniform one with respect to all b € N, (Bo(7)). This can be shown by extending
a classical chaining technique, e.g., Bickel (1975) and Zhou and Portnoy (1996), and accounting for the
temporal dependence in the process {1y(b)}L_;. Let {p = T4 We first partition the local parameter
space N, (Bo(T)) into U;-V:l(/\/gT (Bo) N Ej), where Ej, for j € {1,..., N}, are closed cubes, whose vertices
are on the set

{(kj brer, ... kjlrer)} for kj, € {0,£1,..., £ [¢:] + 1}

with m € {1,...,d}. If b € N, (Bo(7)) N E;, we denote b; as the lowest vertex of the cube E; containing

b. The side length of each cube Ej; is lrer = CoT—3/%, and we set the total number of cubes equal to
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N = (2|3'] + 3)% We have that

T
B o |77 2 (1) 410 < g )+ s Qur)
where
Perib) = | =3, (7) v
VT \T
1 & t
Qurtt) = s | S (1) ()~ vty

Without loss of generality, we assume that E}l is an integer so that N = (26;1 + 3)%. By Bonferroni

inequality and the result in step 2, we have that

P <1I§3§§v Py r(bs) > M’YT> <N- lgag%P(Pk,T(bj) > Mnyr)

< (2071 +3)% - exp (—gMQ(log T)2>
< (2TY* + 3)% . exp <—CC~1'M2(log T)2>
< max{1,2971} . (2974 4 3%) . exp (—2M2(10g T)2>
A d €1 4 r2 2
C-exp|-logT | -exp|——=M*(logT)
4 C
= d c1 2y _ (1
C -exp (4logT— CN’M(logT) > =o0 <T> .

holds for some constant C' and any finite M > 0. Next, we consider the term Qr,1(b). Given the positive

IN

IN

sequence a; 7 = | X¢|lrer, let us denote that

(ﬁt(b, CLt7T) 3:{1<6t S Xf{b + CLt7T) — 1(675 S X/b — at,T)}
— {E[1(er < X/b+ ar7)| X¢] — E[l(er < X'b— ayr)|X4]) }

Ye(by arr) = | Xe|Pe(by ar,r).

By Assumption ii) and |@;(b,a;7)| < 1 we have that a.s., max;<;<7 [{s(b,a;7)| < AT'/5. Given j €

{1,..., N}, we utilize the monotonicity of the indicator function and obtain that
Lo (1) o) - w0
\/T o k T t J t
1 « t
=75 ; Py, <T) Xi (1(ey < X{b) — 1(ep < X/bj) — {E[1(e; < X{b|X¢] — Bl1(e; < X/bj|X4]})

T
S 1
< su ‘<I> (—)‘X — Xl {1(e; < X'bi + @ —1(e; < X'b; —a
Sw |7 ﬁ;' il {1(er < Xibj + arr) — e i —arr)}

T
1
+—= Y| Xul {BL(er < X{bj + arr)|Xi) — Bl1(er < X{bj — arr|Xi))} ¢,
VT =
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where the inequality holds for all b € N, (8o(7)) N Ej. By triangle inequality, we can further bound the

right side of the inequality by

S
sup ‘@ — ‘ i1+ I2), o
<1§5§T,k€N k(T>> (Zj1 + Ij2) (64)

where

I = \FZWt bj, air);

Iio= \F Z 1 X¢e| {E[1(er < X7bj + ar.1)|Xe] — E[L(er < X/bj — arr| X))} -
We want to show that
B (logT)3 logT
a1l = 0y (57 and w1 = (5. (65)
For all j € {1,..., N}, we can check that I;; has a zero mean using the law of iterated expectation.

Additionally, it follows that

( Z(I)k< )wt bj,atT)><c (T§/4> (66)

holds for some C and any fixed b € N, (8o(7)). The comprehensive proof for can be conducted similarly
to that of 1’ in Step 1, by showing that the variance of I; 1 is uniformly bounded by O({rer) = O(T—3/4).
We omit the details. Now, set nr = T_3/10(10g T)3, and we obtain that, for any M > 0,

N
P (s 1l 2 Mar ) < 3P (Ll > M),

For the summand in the right hand side of the inequality, we apply Lemma [2|to U; = ®y(t/T )it(bj, asr),
B = AT'Y/5 np = T73/1%1og T)3, and = M+/Tnr, and obtain that, for sufficiently large T,

P(|Lj1| > Mnr) = < be(bj, arr) >M\F77T>
2
e (MVTr)
<exp | — =
var(Y iy Yi(bj, arr)) + (MVTyp)B(log T)? 4 B2
c1 M\/> T(logT) 3T 3/10>
=exp | — A
var(Y—y Yi(bj, arr)) + (MVT(log T)3T-3/19) B(log T')? + B?

o[ c1M?(log T)ST2/5
~ P T BT L AM (g TYTS + AT

. c1M?(logT)
~ P T BT 320(10g T) 5 + AM + A2(log T) )

< exp (—ClA]W log(T)) .
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Note that the upper bound does not depend on j € {1,..., N}. Thus, for M > 0 sufficiently large, we have
that

N

ClM
P (s, 1] = Mr) < S P (lal > M) <N -exp (-2 owm))
]:

< (2TY% 4+ 3)% . exp <— ClA]W log(T)>
C' - exp <Z log T) exp (— clAM[ log(T)>

~ d Cllw 1
<. .
C exp<<4 )logT)-o(T),

for some C’ > 0, where the last equation follows by choosing sufficiently large M > (d/4) - (A/c1). This
shows the first result in . For the second result in , we have that

IN

9 T X[bj+agr Xibj—arr
o= STl [ stelxgae [ sterxae
T X{bj+|X¢|brer
2 tv]

2 5 (- / FlelXo)de | .

\f ; ( Xibj—|X¢|brer
Note that

ACy
[Xibjl < I XMloo - sup bl = [[X]looer = 5775

bGNeT (BO (T))

and this leads us to obtain that

thj+|Xt|£T€T g+ X¢|[rer
/ f(e|Xy)de < sup / f(e|Xy)de
Xibj—|X¢lbrer lg|<I|X|ooer v q—| X¢||rer

F h| X:) — F h| X
§||Xt||€T€T sup <q+ ’ t) (Q+ | t)

la|<||X¢l|coer Al
|h| <|| X¢||oolrer

F(q+ h|X;) = F(g+ h|X
< [|X¢||brer sup (g | X+) (¢ | t).

lal< || Xl |ooer Al
[R|<[| Xt ||ocobTeT

(67)

Since || X¢||oolrer = O(T~1/20) is o(1), || in shrinks to zero, as 1" increases to infinity. This, together
with Assumption i), implies that

1
2] < (ACot) - ( leth|2> =0, (737):

where the upper bound does not depend on the index of cube j € {1,..., N}. In summary so far, we have
shown that
1 t
wp [Gr(®) = Gurlho(r)ll = swp |2 Y o () wio
bEN 7 (o(r) beN (o)) | VT ; r
< P
max .1 (b )+ max, Qr,7(b5), (68)
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and the upper bound in satisfies that

max Py (b max
1<j<N (b) = 1<j<N

logT
=0, <T1/4> , (69)

and

max Qp7(bj) = max

\}i () o) = vty

1<j<N 1<]<Nb€MT ,80
< sup ( > ‘ ( ]I'7l| + max |2 ) (70)
1<t<T,keNU{0} J 1<j<N

(logT)3 1 logT

where the upper bounds for and do not depend on k& € NU {0}. These results lead us to conclude
that

5 . logT
sup ||Gr,1(b) — Grr(Bo(7))|] = Op (T‘Cf/4> ’
bGNeT (BO(T))

which is the desired result. To prove the result in (56|, we define a mean zero process

= Xupp(Xy) — E [ Xypp(Xy)]

for any given b € N.,.(Bo(7)), where pp(X;) = sgn(Xyb) - (F(X1b|X;) — F(0|X})). By construction, we have
that

Gr,r(b) — Grr(Bo(7)) = Grr(b) — Grr(0) = L > o (t> (D) Xy

-3 m(F)ew

Then, the proof of can be carried out in a similar manner to the proof of by properly modifying
its Steps 1-3. To be more specific, we follow Step 1'-3” as below: Step 1: For any fixed b € N,.(Bo(T)),

: (& o (1) gt@) ~o(2). 72)

where the upper bound for the term O(7~!) does not depend on k and b. To prove this result, note that

we have that

var(&(b)) = BIX2(F(X;b|X;) — F(0[X}))?]

= BIXZ(F(Xb|X,) - F(0]X,))?]

<E[X}]-& =0 (;) : (73)
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where the inequalities in follows by Assumptions 3| and [4} Also, it can be shown that the (absolute)

sum of covariance between &1 (b) and &4(b) over s € {2,..., T}, is O(T~1). Specifically, we can show that

E [f%(b)] =E [£%+8(b)] < CleTv
BIET(0)E74,(b)] < C"ep

for constants C’" and C”. This allows us to apply the covariance inequality for mixing processes in Lemma

[[ and obtain that .

> " 1Cov(¥144(b), ¥1 (b)) < O (6 ;0‘ 1/2> = <T>,

s=2

which can be completed in a similar way as shown in Step 1 of the proof of Lemma {4l we skip the details.

Step 2’: Choose y7 = (logT)3/T®/19), Then, using the result in Step 1’, we show that there exists a
positive constant M for sufficiently large 1" such that

( chk() >M7T>:o<;>. (74)

holds for any fixed b € N,.(Bo(7)). Similar to what was shown in Step 2 of the proof of , the result

in can be verified by applying Lemma We skip the details. Step 3’: Extend the pointwise result of
in Step 2’ to the uniform result with respect to all b € N, (Bo(7)), so that the result in holds.
This process can also be shown using the same technique shown in Step 3 of the proofs for 7, and

the details are omitted. m

To introduce the next lemma, we define

5 1 &

Mr(b) = —= Z er(t)(Z:(b) — BZ(b)| X:]);
VT

ZeT (0)| X:] — B[Z:(D)]),

over b € N, (Bo(7)), where the weight function in these empirical processes is defined as

T 1
eT(t):T_leh(t/T,s/T)—/O Qn (/T ) ds
s=1

Lemma 5. Suppose Assumptions hold, and fix any positive constant Co for ep = CoT /2 in N,.(Bo(7)).

Then, as T grows to infinity, we have that

sup 2 (6) ~ W Go()| = oy (i ) (7

bENer (Bo(T))

- - (logT)3
sup  |IFr(b) — M (Bo(r) = o ( .
bEN.7 (Bo(r)) "\ T
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Proof of Lemma[j. From Assumption where the functions used to construct @, (-,-) are piecewise-
monotonic, it follows that sup;<,<r |er(s)| = O(1/T) holds for any fixed h. Using this property, proofs
of and can be followed in exactly the same manner as the proofs of and in Lemma
The main difference involves replacing @y () in Gy 7(b) and Gy, 7(b) with ez (-) in My(b) and My, 7(b).
Specifically, we can replace sup; < <7 ey |Pr (s/T)| = O(1) with sup;<,<p|er(s)] = O(1/T) in , ,
, and . This substitution allows us to obtain the desired convergence rates in and . To

save space, the details of these steps are omitted. m

Lemma 6. Let us denote Qf (1) as the infeasible version of QZ(T), which is defined as:

g (L2) s

t=1 s=1

3\*—‘

Then, as T — oo and h is fixed, we have that
0 (r) L Q2 (Z Akzkzg> Qv
k=1
where Z;, %! N(0,1y).
P i2<p Ay <z fork=0,1,..,J
T k T t > — Uy sy
1 < t
=P(QV2(r)—=) &, <> u < x fork=0,1,....J | +o(1),
( \/T; T

for every fized J € N, x € R where ®¢ (-) = 1, ok N(0,1;), and QY2(1) is a matriz square root of
Q(7) such that QV/2(1)QY% (1) = Q(7).

Proof of Lemma[6 Recall that the spectral representation of Q7 (-, ) in enables us to re-express Qfl (1)

as:

For every J € N fixed, define

QZ,J(T) =

M~
=
—
5=
g
2
~—
Nl
~——
N
~——
—
3=
g
2
/N
Nl o
SN—
N
~——

k=1
Without loss of generality, we assume that Qf (1) and QZ ;(7) are scalar random variables. Then, we can

apply the same truncation argument as in the proof of Lemma 1 in Sun (2014b). Setting wp = Q;‘L(T),

§rg = Q}‘;J(T), and
* J 1 ) t 1 T s
&y =221 ) e <T 2 o <T> m) <ﬁ szl ® (7) us) o
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for u; K N(0, I), Assumptions |1| and |5 imply that conditions i)-iv) in Lemma A.3 of Sun (2014b) hold,

including
sup P (|0;(7) = G5 5(7)] > 8) %0,
T
as J — oo, for every § > 0. Therefore, the result in Lemma A.3 of Sun (2014b) holds, which indicates

03 4020 ([ [ @it awatriawats) ) 0%y

L Qpoo(7) = QV2(1)Sp 022 (7),

as the desired result. =

8.5 Proofs of main results

Proof of Theorem [1. Without loss of generality, we assume that the dimension of X is equal to one when-
ever it it is convenient. We first show the result in , whenever it is convenient. With simple algebra,

we can write that

X . 1 t s t s IS
Qi () — (7)== 7 i 4z,
h(T) h(T) T;;{Qh <T7T> QT,h (T7T>} tHs
:A1+A2_A37
where
1 T o 1 r T A A~
Av= 23N er(9)ZZ and Ay = >3 er(t) 2L,
t=1 s=1 t=1 s=1
Wlth T
1 t s 1
6T(t) = Tz:lQh (T,T) _/0 Qh <T73> d37
and
1 T T i’ g 1 1 1 £l
B 5 &l
o BB (rr) [ [ avoms) |73 07

Given that 7-1/2 Zthl Z; = op(1) and @, (-,-) is piecewise continuous and bounded over [0,1]?, it is
straightforward to verify that As = o0,(1). Next, we want to show that both A; = 0,(1) and Ay = 0,(1).
We first consider the term A, which can be bounded as below:

T

1 A 1 N
<] Ly z -‘zemzs &
T t=1 \/T s=1
=op(1) (@
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For the second term in the product on the right-hand side of , we have that

T
1 X
— ) er(s)Zs|| < sup er(s
‘ \Y T Szl beNeT (/80 Z
<b N (ﬁ( ZeT (50 ZGT T) , (78)
S e (PO

where Z4(b) = X(1 — 1(es < XS( — Bo(7)))) for any b € Ne,.(Bo(7)). By construction, Zs(8o(7)) is equal

to Zs = X5(7 — 1(es < 0)). We use triangle inequality to construct the upper bound for the first part of

(78):

1 T
—> Zs(b) — Zy
bENeSq}l(gO(T)) \/Ts:1 eT(S)( () (IBO(T)))H
< S ) W Gom)|+ s () — W o(r) | (79)
bEN,. (Bo(T )) bEN e (Bo(T)
1
— : E[Zs(b) — Z4 ,
ﬁ; er(s)| -, IBIZu(b) = Zu(Bo)l

where the terms in are op(1) from Lemma [5| To deal with the last term on the right-hand side of the
inequality above, we use Assumption i) and Taylor expansion conditioning on X, and obtain that
F(X4(b=Po())|X;) = F(0]Xe)+ (0] X)X, (b—Bo(r))+ £ (01 X) X2 (0—Bo(m))*+f " (Xsb | Xo) X2(b—Bo(7))?

for some b that lies between b and By(7). Because of the boundedness f(0|X,) and its derivatives up to the
second order in Assumption i) and the condition in Assumption iii), each term on the right-hand side
is finite. Taking expected values on both sides of the equation after multiplying by X, and assuming that

Bo(7) = 0 without loss of generality, we can obtain that
B{Z,(0)] — B{Z.(o(r))] = (BIX,1(es < 0)] — BX,1(es < X.(b— fo))])
= Ab+ Bb? + Cb°,
for any b € N, (5o(7)), where the coefficients of the polynomial approximation function A, B, and C' are

given by
A= —E[fO1X)X2], B =~ JE[f(01X,)X3], and C = — SB[/ (XB{X,) X,

respectively. The result then indicates that

VT ( sup  ||Ab+ Bb* + Cb3\|> = 0,(1), (80)
beNeT (BO(T))
and thus we can obtain that
T
1
—=) er(s)||-  sup  [[E[Zs(b) — Zs(Bo(7))]l
vT 2 bEN ey (Bo(r))

1
< sup ler(s)]- ﬁ( sup  ||Ab+ Bb® + Cb3|> =0, <> .

beNer (Bo(T))

49



This result, together with the 0,(1) terms in , leads us to conclude that

sup
bENeT (/80 (T))

T
\/1T Z er(s)(Zs(b) - Zs(ﬁo(T)))H = 0p(1).

For the second term in , note that B[T~Y/2 3T er(s)Zs(Bo(7))] = 0 and its variance is bounded by

1 S
var (\/T ;w(@%(%(ﬂ)) < sup ler(s)|-var (\/T ;ZS(BO(T))>

1<s<T
<o(L) (3 IEzze) =0 (L
- T et t&it+s - T/
which implies that the second term in is 0,(1) by Markov inequality. Summing up so far, we showed
that
1 - - 1 < .
ALl <||—= D> Zs|| ' ||—= ) er(s)Zs|| = op(1).
VT ; VT ; P
=o,(1) =op(1)

The proof for Ay = 0,(1) can be performed in the same manner. Combining the results of A; = o0,(1) for

j € {1,2,3} together, we can infer that
(1) = Q(7) + 0p(1). (81)

Next, we want to show that

Q(7) = () + 0p(1), (82)

where Qf (1) is the infeasible version of Q% (7), i.c.,

1 E t s
) * _ = * 2 /
Qh(T) - T ;:1 ;:1 Qh <T7 T) ZtZs'
To prove this, we define
1 rZ t s
Ak (. - § § N /
Qh(T’ b) T T e Qh <T7 T> Zt(b)ZS(b)’

for b € N, (Bo(T)). Using , we can re-express () (7;b) as:

o0

. 1 & t 1 <& s '
O (r30) =Y M (ﬁ > <T> Zt(b)> (\/T > By <T> Zs(b)> .
t=1 s=1

Given k € N, we define that
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By triangle inequality,

[ R, (0)]| = |

1Tq>tx1 < X[(b 1(e; <0
v k<T>( A1(ee < XU Bo(r)) — 1(ec < 0)})

< sup  [[Ger(®) —GrrBo(r)l+  sup  ||Grr(b) — Gra(Bo(r))]]
bENer (Bo(T)) bENer (Bo(T))

+ sup [Ak(b) — Ag(Bo(T))II,
bENeT (/80 (T))

A(b) = (&Z@k (;)) “E[Z,(0)]

The results in Lemma M indicate that

where

sup ||Grr(0) = Grr(Bo())l| = 0p(1) and sup  [|Grr(b) — Grr(Bo(r)|| = 0p(1)
beNer (Bo(T)) beNer (Bo(T))

hold uniformly over k € N. Also, in view of , we have

T
1 t
sup[[Ak(8) — Au(Ao(r)l| = (Z@k (T)> (X (er < X1(b— Bo(r))] — BXe1(er < 0))
bENcy (o)) =3
1 o t
== o <> - (Ab+ BV + Cb®
(e (n) |
1 o t
< =S @, <) VT sup  ||Ab+ Bb? 4 CH| | = 0,(1).
T; T H ( bEN oy (Bo(r)) ’
—o(1) ~0,(1)
Combining the results together, we can conclude that ||Ry7(b)|| = o0p(1) holds uniformly over b €

Ny (Bo(7)) and k € N. Additionally, we have that 71/2 Ethl ;. (t/T) Zy = Op(1) uniformly over k € N.
The result, together with ||Ry 7 (b)|| = o0p(1), implies that T—1/2 Zz;l ;. (t/T) Zy(b) = Op(1) uniformly

over b € N, (Bo(7)) and k € N. Therefore, we can express QZ(T; b) as:

o = 1 ! 1 « s /
Qr(1;0) = kzzlx\k (\/T Z(I)k (T) Zy + Rk,T(b)> <\/T Z_:(I)k (T) Zs + Rk,T<b)>

t=1

k=1

00 T [e’e) T [ele)
3 MeRir(b) ( =S e(s)z) > (1T 3 o, (;) Zt> Rir(®) + 3 MeRir(6) Rir ()

Zs | +op(1)- (83)
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The last equation holds because Ry 7(b) shrinks to zero uniformly over b € N, (Bo(7)) and k € N, and

S AR () (;Ti@k (2) zs> < (s mero) (g: M jfi@c (7) % )

= 0p(1), (84)

where (84)) follows from supycy || Re.7(b)]] = 0p(1), 335, Ax = O(1), and the fact that var(T~Y2 ST @ (s/T)Z,)

is bounded uniformly over k. Additionally, we have that

2 00
<< sup ||Rk7T<b>\|) (ZAI@):%(D’
k=1

> MR (b) Ry (b)'
keN,ENer (Bo(T))

k=1

where the equation follows from Y 72, A\p = fol Qp(r,r)dr = O(1), and SUDLEN, EN.p (o (7)) l|Rer(b)|] =
0p(1). From this finding and 3(7) € N, (Bo(7)), with probability arbitrarily close to one, we can conclude
that

1) - < s [Q5mn) - G| + 0p(1):
bENer (Bo(7))
Using the same reasoning as shown for Qp,(1) = Q0 (1) + 0,(1), we can show that Q (1) = Qu(7) + 0,(1)
holds for all h, where
d t s 1 t s
SN0 (5) 22 =3 XY 0 (1.5) zie

t=1 s=1 t=1 s=1

Qh(T) =

N[~

with Z¢ = Z, — T~*3.1_| Z,. Combining the result into () = Qs (1) + 0p(1) and (82)), we can conclude
that

holds for any fixed h, which is the desired result. For the result in , we use

A~ ~

(1) = (1) + 0p(1) = Q(7) + 0p(1),
where QZ (7) is defined in 1) Then, follows directly from the result in Lemma @ ]

Proof of Theorem[3. Let A(T) be a p x p matrix such that A(7)A(7)" = RD(7)~1Q(7)D(7) "' R'. From
and the result in Theorem (I, and by applying Slutsky’s theorem, we obtain

VTR(B(r) — Bo(r)) > A(r)Z;

~

RE(T)R' % (RD(7)71Q(1)2)Sp,00 (7)Y D(r) ' R)),

LA AT,
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where the weak convergences hold jointly. Note that Z, = W,(1) and S,[f}oo = > 721 NjZp L, ; with

Lp,j = fol ;i (r) dWp(r) Lig N(0,1p). Zy and S}[f] are independent because

,O0

Cov(Zy, Zpj) = Cov (Wpa), /0 1 D; (r) de(r)>

~ Cov (/01 czwp(r),/o1 ®; (r) de(r)>
:Ip-/oquj(r)dr

for all j € N. This allows us to obtain the result in part (a) using the continuous mapping theorem. The
result with p = 1 can be shown in a similar manner. For the result in part (b), it follows directly from
the fact that SED]OO can also be represented as K _1WP(K ,Ip), and from the equivalence between Hotelling’s

T-squared random variable and a scaled F-random variable, as discussed in Sun (2013, pp. 6). =
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